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Abstract― Although the method of symmetrical components 

is commonly used in investigating unbalanced operation of 
electrical machines and power systems, its application in the 
analysis of transient behaviour of electrical machines can be 

advantageous. The main advantage lies in the ease with which 
different fault conditions can be analysed. In this paper, the 
differential equations describing an induction machine are 

developed in terms of the symmetrical components of the 
instantaneous values of transient voltages and currents. The 
developed model enables investigation of various fault conditions 

when the machine is operating as a motor or a generator. 

Index Terms—Symmetrical components, induction machines, 
transient analysis, fault conditions, asymmetrical faults, dynamic 

braking. 

NOMENCLATURE 

𝑣, 𝑖  Instantaneous voltage and current 

𝛼, 𝛽  Subscripts indicating stator and rotor 

𝐿𝛼 , 𝐿𝛽  Stator and rotor windings self inductance 

𝐿𝑚  Magnetising or mutual inductance 

𝜗  Rotor angular position with respect to stator 

𝜈  Ratio of rotor speed to synchronous speed 

𝜓  = 𝑒𝑗(2𝜋
3⁄ )  

𝜏  = 𝜔𝑡  

𝜔  Supply frequency, rad/s 

s Per-unit slip = 1 − 𝜈 

𝐷  Differential operator with respect to (𝜔𝑡) 

0,1,2  Subscripts indicating zero, positive and negative 

sequence 

 

I. INTRODUCTION 

Developed by Fortescue [1] a century ago, the method of 

symmetrical components (or coordinates) has been extensively 

applied in the analysis of electrical systems. The application of 

this method of analysis has led to a greater understanding of 

both power system component and network behaviour, giving 

rise to significant developments in the associated technology. 

In the conventional application of the symmetrical 

components method (SCM), the phasors representing the 

three-phase voltages of an unbalanced electrical system are 

resolved into their symmetrical components; each acting on the 

corresponding sequence network [2]. Over the years, the 

method has been extended to cater for distribution networks 

combining one-phase and two-phases [3]-[5]. 

Recently, SCM has been modified and utilised in the 

analysis of electrical machines of special designs and/or under 

fault conditions. For example, the analysis of unbalanced 

operation of 5-phase induction machines is presented in [6] and 

the performance of a class of 5-phase permanent-magnet 

synchronous-reluctance motors is evaluated, with one open 

phase, in [7]. The method has also facilitated development of 

fault signature analyses of both synchronous and induction 

machines [8]-[10]. The application of the SCM to the analysis 

of electrical machines has, in most cases, been performed in 

terms of complex quantities representing relevant phasors [6]-

[10]. 

Although the concept of instantaneous symmetrical 

components appear in literature, it is used to indicate that the 

transformation is performed to variables, on phasor forms 

obtained at discrete instants during the computation cycle [11]-

[13]. The approach adopted here is quite different: it relies on 

the derivation of the induction machine’s differential equations 

in terms of the instantaneous values of (not the phasors 

representing) phase voltages and currents. Different operating 

conditions, including symmetrical and asymmetrical faults, 

and dynamic braking, can then be investigated by modifying 

the machine’s differential equations accordingly. The analysis 

is developed in terms of the ratio of rotor-speed to 

synchronous-speed, and this enables investigation of both the 

motoring and generating modes. 

II. TRANSIENT ANALYSIS 

When the operating condition of an electrical machine 

abruptly changes, its currents and voltages assume new values 

in order to satisfy the laws of physics that govern the new 

condition. In an electrical machine, the energy stored in the 

magnetic field can’t change suddenly and, therefore, transient 

current and voltage components are produced and, while they 

will rapidly diminish, they may reach levels so high that the 

windings become degraded or even damaged. Therefore, 

estimating the transient conditions and identification of design 

parameters that affect their value and duration is an important 

engineering topic. 



The symmetrical components of the instantaneous values of 

transient voltages and current are obtained following the same 

process used when the method is applied to phasors. For 

example, if va, vb and vc are the instantaneous values of voltages 

of a 3-phase system, the sequence components of va are readily 

expressed as: 

 

𝑣𝑎0 =
1

3
(𝑣𝑎 + 𝑣𝑏 + 𝑣𝑐)    

𝑣𝑎1 =
1

3
(𝑣𝑎 + 𝜓𝑣𝑏 + 𝜓2𝑣𝑐)  

𝑣𝑎2 =
1

3
(𝑣𝑎 + 𝜓2𝑣𝑏 + 𝜓𝑣𝑐)  

 
Unlike the phasor voltages, the instantaneous values 𝑣𝑎, 𝑣𝑏 

and 𝑣𝑐 are real quantities. Since 𝜓 and 𝜓2 are conjugate 

vectors, the positive-sequence component 𝑣𝑎1 and the 

negative-component 𝑣𝑎2 are also, always, conjugate vectors. 

Therefore, if one component is determined, the other is readily 

determined. Indeed, this is one of the advantages of adopting 

the treatment presented here. 

Another advantage lies in the ease with which different fault 

conditions can be analysed. For example, to investigate a short-

circuit between two phases, say phase 𝑏 and 𝑐, we express 𝑣𝑏𝑐 

in terms of the sequence voltages and determine the 

condition(s) under which it vanishes. In terms of the sequence 

components, the phase voltages are: 

𝑣𝑎 = 𝑣𝑎0 + 𝑣𝑎1 + 𝑣𝑎2  

𝑣𝑏 = 𝑣𝑎0 + 𝜓2𝑣𝑎1 + 𝜓𝑣𝑎2  

𝑣𝑐 = 𝑣𝑎0 + 𝜓𝑣𝑎1 + 𝜓2𝑣𝑎2  
 

The line voltage 𝑣𝑏𝑐 is: 

𝑣𝑏𝑐 = (𝜓2 − 𝜓)𝑣𝑎1 + (𝜓 − 𝜓2)𝑣𝑎2 = −𝑗√3(𝑣𝑎1 − 𝑣𝑎2)  

 

Consequently, if the terminal 𝑏 and 𝑐 are shorted: 

𝑣𝑎1 = 𝑣𝑎2  
Relevant response can be obtained when this condition is 

introduced to the machine’s differential equations. Similarly, 

different fault conditions can easily be investigated. 

 

III. MODEL DEVELOPMENT 

With reference to Fig.1, the terminal voltage of a stator (or 

rotor) phase would be equal to the resistance drop plus the 

voltage induced by the flux-linkage variation with time. 

Therefore, for the a-phase stator winding, the positive-

sequence voltage is: 

𝑣𝛼1 = (𝑟𝛼 + 𝐿𝛼
𝑑

𝑑𝑡
) 𝑖𝛼1 + 𝑀𝛽

𝑑

𝑑𝑡
(𝑖𝛽1𝑒𝑗𝜗)  

 
The corresponding negative-sequence equation is, of course, 

the conjugate of the positive-sequence equation, or: 

𝑣𝛼2 = (𝑟𝛼 + 𝐿𝛼
𝑑

𝑑𝑡
) 𝑖𝛼2 + 𝑀𝛽

𝑑

𝑑𝑡
(𝑖𝛽2𝑒−𝑗𝜗)  

Similarly, the corresponding equations for the rotor winding 

are: 

𝑣𝛽1 = (𝑟𝛽 + 𝐿𝛽
𝑑

𝑑𝑡
) 𝑖𝛽1 + 𝑀𝛼

𝑑

𝑑𝑡
(𝑖𝛼1𝑒−𝑗𝜗)  and, 

 

𝑣𝛽2 = (𝑟𝛽 + 𝐿𝛽
𝑑

𝑑𝑡
) 𝑖𝛽2 + 𝑀𝛼

𝑑

𝑑𝑡
(𝑖𝛼2𝑒𝑗𝜗)  

 
Fig. 1. A developed diagram of a 3-phase induction machine. 

Noting that, in the absence of saliency, 𝑀𝛼 = 𝑀𝛽 = 𝑀, and 

introducing the differential operator 𝐷, we obtain: 

 

𝑣𝛼1 = (𝑟𝛼 + 𝑥𝛼𝐷)𝑖𝛼1 + 𝑥𝑚 𝐷(𝑖𝛽1𝑒𝑗𝜗)   (1) 

𝑣𝛽1 = (𝑟𝛽 + 𝑥𝛽𝐷)𝑖𝛽1 + 𝑥𝑚  𝐷(𝑖𝛼1𝑒−𝑗𝜗)   (2) 

 

If the speed is assumed constant during the transient period: 

𝜗 = 𝜈𝜔𝑡 = 𝜈𝜏 where 𝜈 = 𝑛
𝑛𝑠⁄ , then: 

 

𝐷(𝑖𝛼1𝑒−𝑗𝜈𝜏) = 𝑒−𝑗𝜈𝜏𝐷𝑖𝛼1 − 𝑗𝜈𝑒−𝑗𝜈𝜏𝑖𝛼1 = 𝑒−𝑗𝜈𝜏(𝐷 − 𝑗𝜈)𝑖𝛼1  

𝐷(𝑖𝛽1𝑒𝑗𝜈𝜏) = 𝑒𝑗𝜈𝜏𝐷𝑖𝛽1 + 𝑗𝜈𝑒𝑗𝜈𝜏𝑖𝛽1   or,  

𝐷𝑖𝛽1 = 𝑒−𝑗𝜈𝜏(𝐷 − 𝑗𝜈)(𝑖𝛽1𝑒𝑗𝜈𝜏)  

 

Eq. (2) can now be expressed as: 

𝑣𝛽1 = 𝑒−𝑗𝜈𝜏[𝑟𝛽 + 𝑥𝛽(𝐷 − 𝑗𝜈)](𝑖𝛽1𝑒𝑗𝜈𝜏) + 𝑒−𝑗𝜈𝜏𝑥𝑚(𝐷 − 𝑗𝜈)𝑖𝛼1  

or, 

𝑣𝛽1𝑒𝑗𝜈𝜏 = [𝑟𝛽 + 𝑥𝛽(𝐷 − 𝑗𝜈)](𝑖𝛽1𝑒𝑗𝜈𝜏) + 𝑥𝑚(𝐷 − 𝑗𝜈)𝑖𝛼1  (3) 

 

Again, the corresponding negative-sequence equation is the 

conjugate of the positive-sequence equation: 

𝑣𝛽2𝑒−𝑗𝜈𝜏 = [𝑟𝛽 + 𝑥𝛽(𝐷 + 𝑗𝜈)](𝑖𝛽1𝑒−𝑗𝜈𝜏) + 𝑥𝑚(𝐷 + 𝑗𝜈)𝑖𝛼1        (4) 

 

During normal motor operation, the rotor circuit is shorted 

(i.e. 𝑣𝛽1 = 0). Solving (1) and (3) for 𝑖𝛼1 we get: 

 

{(𝑟𝛼 + 𝑥𝛼𝐷)[𝑟𝛽 + 𝑥𝛽(𝐷 − 𝑗𝜈)] − 𝑥𝑚
2 𝐷(𝐷 − 𝑗𝜈)}𝑖𝛼1  

                                                   = [𝑟𝛽 + 𝑥𝛽(𝐷 − 𝑗𝜈)]𝑣𝛼1  

 

Dividing by 𝑥𝛼𝑥𝛽, the differential equation for the positive-

sequence stator current becomes: 

 

[𝐷2 + (
𝑘𝛼

𝜎
+

𝑘𝛽

𝜎
− 𝑗𝜈) 𝐷 +

𝑘𝛼

𝜎
(𝑘𝛽 − 𝑗𝜈)] 𝑖𝛼1  

                                            = [𝑘𝛽 + 𝐷 − 𝑗𝜈]
𝑣𝛼1

𝜎𝑥𝛼
    (5) 

 

where: 𝑘𝛼 =
𝑟𝛼

𝑥𝛼
 and 𝑘𝛽 =

𝑟𝛽

𝑥𝛽
 and 𝜎 = 1 −

𝑥𝑚
2

𝑥𝛼𝑥𝛽
 

 

Sine Eq. (5) is linear with constant coefficients, the general 

expression for the transient currents is: 

 

𝑖𝛼1 = 𝐶𝛼1𝑒𝑝1𝜏 + 𝐶𝛼2𝑒𝑝2𝜏  



where 𝑝1 and 𝑝2 are the roots of the characteristic equation: 

 

𝑝2 + (
𝑘𝛼

𝜎
+

𝑘𝛽

𝜎
− 𝑗𝜈) 𝑝 +

𝑘𝛼

𝜎
(𝑘𝛽 − 𝑗𝜈) = 0   (6) 

 

It should be noted that subscripts attached to the 

complementary function coefficient 𝐶𝛼 don’t signify positive 

or negative sequence but corresponds to the subscript used to 

designate the different roots of the characteristic equation. 

The characteristic equation for the negative-sequence 

current is readily obtained as the conjugate of Eq. (6). The roots 

of Eq. (6) are: 

 

𝑝 = −
𝑘𝛼+𝑘𝛽

2𝜎
+ 𝑗

𝜈

2
∓ √(

𝑘𝛼+𝑘𝛽

2𝜎
− 𝑗

𝜈

2
)

2

−
𝑘𝛼

𝜎
(𝑘𝛽 − 𝑗𝜈)         (7) 

 

In general, the roots of the characteristic equation are 

complex numbers and, therefore, the response is a damped 

sinusoid. 

IV. RESULTS 

By a way of an example, the case of a simultaneous 3-phase 

short circuit at the stator terminal is investigated. This fault 

condition can be simulated by applying a positive-sequence 

terminal voltage −𝑣𝛼1 in series with the voltage 𝑣𝛼1(the 

voltage acting on the machine prior to the short circuit). 

Therefore, the current immediately after the fault consists of 

two components: the steady-state current due to 𝑣𝛼1 and the 

current caused by sudden application of −𝑣𝛼1. Immediately 

after short-circuit, the only transient currents are those caused 

by the application of −𝑣𝛼1 at the stator terminal. Substituting 

in Eq. (5), we obtain: 

 

     [𝐷2 + (
𝑘𝛼

𝜎
+

𝑘𝛽

𝜎
− 𝑗𝜈) 𝐷 +

𝑘𝛼

𝜎
(𝑘𝛽 − 𝑗𝜈)] 𝑖𝛼1  

     = [𝑘𝛽 + 𝐷 − 𝑗𝜈]
(−𝑣𝛼1)

𝜎𝑥𝛼
   (8) 

It should be noted that the corresponding characteristic 

equation still has the same roots as expressed in Eq. (7). 

Assuming that 𝑣𝛼1 = 𝑉𝛼1𝑒𝑗𝜏, the positive-sequence 

component of the stator current can be expressed as: 

 

𝑖𝛼1 = [
(𝑘𝛽+𝑝1−𝑗𝜈)

𝑝1−𝑝2
 

𝑒𝑝1𝜏

𝑝1−𝑗
+

(𝑘𝛽+𝑝2−𝑗𝜈)

𝑝2−𝑝1
 

𝑒𝑝2𝜏

𝑝2−𝑗
]

(−𝑉𝛼1)

𝜎𝑥𝛼
 (9) 

 

where 𝑝1 and 𝑝2 are the roots of the characteristic equation (6). 

 

A. Machine Directly Connected to Supply 

If the short occurs at the instant when the phase voltage is 

maximum, (𝑉𝛼), then 𝑉𝛼1 = 0.5 𝑉𝛼 . Alternatively, if the fault 

occurs when the phase voltage is zero and rising, then 𝑉𝛼1 =
−𝑗0.5 𝑉𝛼 . 

In normal operation, the rotor speed changes only a few 

percent from full-load motor action to full-load generator 

action. Therefore, the effect of rotor speed on the transient 

current response is, firstly, investigated. The data of the test 

machine are summarised in Table 1. 

Using the data of Table 1, Figs. 2 and 3 are obtained for the 

cases when the stator winding is shorted, at the instant of 

maximum and minimum phase voltage; respectively. It shows 

the variation of the fault current with time (expressed as 𝜔𝑡 and 

converted to degrees). 

In an induction machine, transient currents and voltages are 

due to the energy stored in the magnetic field and can be 

approximated to 
1

2
𝐿𝑖2. As the phase current lags the voltage, 

the current, and the stored magnetic energy, at the voltage zero 

cross-over point is expected to be higher than when the phase 

voltage is at a maximum. This explains why the peak fault 

current of Fig. 3 is about twice that of Fig. 2. 

TABLE I 
DATA OF TEST MACHINE AT RATED FREQUENCY 

Stator resistance, 𝑟𝛼  0.025 pu 

Stator winding reactance, 𝑥𝛼  2.8 pu 

Rotor resistance, 𝑟𝛽 0.025 pu 

Stator winding reactance, 𝑥𝛽 2.8 pu 

Magnetising reactance, 𝑥𝑚 2.66 pu 

Leakage coefficient, 𝜎 0.1 pu 

 

 

Fig. 2. Variation of short-circuit current with slip - fault at the 

instant of maximum phase voltage. 

Fig. 3. Variation of short-circuit current with slip - fault at the 

instant of zero (rising) phase voltage. 



B. Effect of Supply Impedance  

The effect of adding an impedance to the stator winding is 

considered. This case is of practical significance as the 

machine may be connected to source through a transformer or 

other auxiliary circuits. 

Fig. 4 shows the effect of increasing the stator resistance on 

the transient response. It is seen that the effect is to increase the 

damping coefficient. More significantly, the peak fault current 

is only marginally affected by the stator resistance. 

A more practical condition is to consider adding a supply 

transformer inductance. The corresponding response is shown 

in Fig. 5, where the transformer reactance is taken at 0.15 pu. 

It is seen that the effect of the supply inductance is two fold. 

Firstly, the peak transient current (which still occurs at about 

quarter of a cycle) is reduced by about 30%. Secondly, as the 

resistance considered is only that of the machine, the damping 

coefficient is significantly reduced and the oscillatory current 

persists for about 6 cycles. 

Fig. 4.  Effect of stator resistance on fault current. 

 

Fig. 5.  Effect of supply transformer inductance on fault current. 

 

V. CONCLUSIONS 

In this paper, the induction machine’s differential equations 

are derived in terms of the instantaneous values of phase 

voltages and currents. Such an approach enables investigation 

of different operating conditions, including symmetrical and 

asymmetrical faults, and dynamic braking, by modifying the 

machine’s differential equations accordingly. The machine’s 

equations are developed in terms of the ratio of rotor-speed to 

synchronous-speed, and this facilitates investigation of both 

the motoring and generating modes. 

Although results are presented for the case of a simultaneous 

3-phase short circuit at the stator terminals, the machine’s 

equations can be readily modified to represent asymmetrical 

faults. The effect of stator winding resistance on fault levels is 

shown to be minimal. On the other hand, the effect of supply 

transformer reactance is shown to affect both the fault current 

level and duration. 
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