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A B S T R A C T

A fully thermomechanical coupled phase-field (PF) model is presented to investigate the mechanism of
austenite-to-martensite phase transformation (MPT) and crack initiation as well as its propagation in pure
austenitic microstructures. The latent heat release and absorption involved in the MPT are explicitly taken
into account by coupling the PF model with transient latent heat transfer. In order to consider temperature
dependency in the PF model for MPT, a temperature-dependent Landau polynomial function, whose parameters
are identified using molecular dynamics (MD) simulations, is proposed. Furthermore, the fracture surface
energy is approximated based on the second-order PF model and then, the temporal evolution of the damage
variable is given by the variational derivative of the total potential free energy of the system with respect
to the damage variable. The achieved numerical results demonstrate that the model can be employed to
predict the fracture mechanism of austenitic microstructures under a thermomechanical field in a multiphysics
environment. The results reveal that the temperature has a tremendous impact on the growth rate of both
martensitic variants and consequently on the crack growth path. The key contributions of this work are to
shed light on the impact of thermal boundary conditions on the coupled process of MPT, crack initiation and
growth.
1. Introduction

The world’s escalating energy demand for cooling has triggered
the development of advanced materials and technology for energy
conversion, with special consideration for the mitigation of greenhouse
gas emissions. The energy request for cooling will exceed the request
for heating in 2070, as a consequence of global climate change with
unpredictable impacts on our modern society [1]. Recent research in
this field has been concentrated on solid-state refrigeration utilizing
the elasto- [2,3], electro- [4], or magnetocaloric [5] effect, in which
the material’s entropy is forced to change under the application of
a thermal, electrical, mechanical, and magnetic field, respectively.
The mechanism, which governs several fundamental phenomena such
as multicaloric effects, shape-memory effects, pseudoelasticity [6,7],
and pseudoplasticity, is known as the martensitic phase transforma-
tion (MPT) [8]. The MPT is a displacive and diffusionless solid-state
transformation between a high-temperature austenite phase and a low-
temperature martensite phase owing to thermal/mechanical loading
or an applied magnetic field. The transformation between the parent
phase (austenite) and the product phase (martensite), commonly ob-
served in various steels, shape memory alloys (SMA) [9], and ceramics,
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is accompanied by formation and evolution of microstructure. On the
other hand, crucial attention should be paid to interactions between
MPT and fracture, which are a highly important problem in material
science and engineering. In the last years, the nucleation and growth
of cracks in brittle austenitic microstructures have been investigated
in the literature using several experimental techniques, mainly at the
macroscale. However, a thorough understanding of the fundamentals
of crack nucleation and growth in austenitic microstructures at the
microscale is highly imperative.

In addition to the complexities associated with performing an ex-
perimental observation, the high speed of the MPT in the regime
of the speed of sound confines the in situ analysis of the process,
in particular, in order to design and optimize the SMAs. Therefore,
micro-scale numerical modeling based on continuum mechanics have
become rudimentary methods to study the morphology and the evo-
lution of for simulation of microstructure evolution. The MPT-induced
plasticity was numerically investigated by Cherkaoui et al. [10] using
the concept of moving boundaries by considering an infinitely sharp
interface between the austenite and martensite phases. The complica-
tions as a result of the tracking of moving interfaces might be dealt
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Fig. 1. Coupling of different physics in thermo-mechanical fracture and martensite
phase transformation.

with by regularizing the discontinuities by means of a phase-field
(PF) model using a set of conserved and non-conserved field variables
that are continuous across the interfacial regions [11]. As one of the
pioneering work, Wang and Khachaturyan [12] introduced a 3-D PF
model coupled with the Khachaturyan microelasticity model [13], in
which the temporal and spatial evolution of the field variables were
governed by the time-dependent Ginzburg–Landau (TDGL) equation.
The TDGL linearly links the rate of change of the field variables to the
thermodynamic driving forces conjugated to the field variables. Levitas
and Preston [14] introduced a Landau theory for multivariant stress-
induced MPT. They extended advanced thermodynamic potentials ac-
cording to the transformation strain-related order parameters, which
captured the main features of macroscopic stress–strain curves. The
formulation was able to characterize transformations between austenite
and martensite variants and between martensitic variants with arbi-
trary types of symmetry. A review on Landau theory of MPT was
presented by Mamivand et al. [15] to explain some fundamental con-
cepts and terminologies. Analytical solutions for austenite–martensite
and martensite–martensite interface propagation have been presented
by Levitas et al. [16] for Landau potentials that account for the phe-
nomenology of stress-induced MPT. To investigate the effect of surface
tension on MPT, Javanbakht and Barati [17] presented coupled PF and
elasticity equations for multivariant MPT. It was observed that with
surface tension, MPT starts at a lower temperature, i.e. a larger driving
force, compared to that without surface tension. Mamivand et al.
[18–20] developed a PF model to study the austenite to marten-
site phase transformation in single crystalline tetragonal zirconia and
polycrystalline tetragonal zirconia. Zhu et al. [21] investigated the
asymmetric mechanical responses of tetragonal zirconia polycrystals
(TZPs) under uniaxial tension and compression using PF modeling.
They used a temperature dependent chemical free energy functional to
characterize the austenite to martensite phase transformation. Based on
the Ginzburg–Landau theory, the free energy function of polycrystalline
system was modified by Xu et al. [22] using a new 2-D PF model consid-
ering the continuous variation of temperature. Sun et al. [21] presented
a non-isothermal PF model to study the SME of polycrystalline SMAs
with consideration of the latent heat effect. The latent heat release
and absorption accompanying the MPT processes have been explicitly
considered by coupling the PF evolution with latent heat conduction.

The PF approach to the fracture/damage model based on Griffith’s
theory originated from the variational formulation of brittle fracture
by Francfort and Marigo [25] and regularized formulation of Bourdin
et al. [26], have recently gained substantial attention. It is commonly
based on the approximation of the original energy functional with a
2

Fig. 2. Variation of parameter A(T) versus temperature T for 𝜃 = 1.03, 𝛾 = 0.88 and
𝑒𝑞 = 823.76 K [23].

Fig. 3. Different level of energies according to the different temperature in MPT from
metastable austenite to stable martensite.

Fig. 4. Landau polynomial function for A = 31.5 and D = 1. Crosses indicate
normalized data resulted from MD [24] at temperature T = 600 K.
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Fig. 5. Initial configuration of an austenitic specimen with pre-existing crack under
Mode I loading used for validation.

regularized elliptic functional introducing an auxiliary scalar field. The
capability of the PF approach to model several features of fracture
mechanisms [27,27–29] including crack initiation, growth, merging,
and branching, without the need for extra ad-hoc criteria, such as
tracking moving boundaries [30], has made it a powerful tool in com-
putational fracture mechanics. Based on this approach, the evolution
of the smooth crack field parameter on a fixed mesh is able to track
the crack propagation automatically. This results in a considerable
advantage over the discrete fracture description, whose numerical im-
plementation requires explicit (in the classical finite element method
(FEM) [31]) or implicit (within the extended finite element method
(XFEM) [32]) formulation dealing with the discontinuities. Quasi-static
PF formulations for brittle fracture have been introduced by Bourdin
et al. [33] and the thermodynamically consistent framework has been
extensively proposed by Miehe et al. [34], Borden et al. [35], and Kuhn
and Müller [36]. Ambati et al. [37] provided a concise overview of
the quasi-static and dynamic PF models of fracture in the physics and
mechanics communities.

Two important aspects, which are commonly disregarded in the
available literature, are interactions between MPT and fracture as well
as the impact of latent heat. On the one hand, martensite forms at
the crack tip with high stress concentration in agreement with exper-
imental observations [38,39]. On the other hand, during the process
of transformation and crack propagation, MPT substantially affects the
crack path. Despite the utmost importance of the problem, only a
few works taken both MPT and fracture into account as a coupled
system using PF modeling [40–46]. Clayton and Knap [40] proposed
a PF model incorporating both fracture and deformation twinning
behaviors in crystalline solids. They used a variational approach to
derive governing equations for quasi-static loading. It has been reported
a tendency for fracture before twinning when surface energies of the
two mechanisms are equal. Jafarzadeh et al. [41] developed a PF
approach for the problem of MPT and fracture interactions, which
consisted of the change in surface energy during MPT and the impact of
unexplored scale parameters proportional to the ratio of the widths of
the crack surface and the phase interface. The dynamic interaction of
MPT and crack propagation in polycrystalline shape memory ceramics
has been studied by Moshkelgosha and Mamivand [42]. In that work,
a multiphysics PF model was presented, which coupled the Ginzburg–
Landau theory of MT to the variational formulation of brittle fracture.
Most recently, using an uncoupled PF-based finite element formulation,
the problem of crack nucleation and propagation in a martensitic
micro-structure resulted from multi-variant MPT has been studied by
3

Borzabadi Farahani et al. [46]. It has been concluded that for the
case of the martensitic micro-structure without an initial crack, the
crack nucleates from the interface between martensitic variants with
high von Mises stresses and follows a direction with substantially high
residual stresses generated in the martensitic micro-structure. The other
important point to mention is that the MPT can be integrated with
considerable heat release/absorption, which changes the temperature
of the system and, as a result, influences the thermomechanical re-
sponse of the system. A numerical study was carried out by Grandi
et al. [47] on the thermomechanical behavior of an SMA, with a
particular focus on the rate-dependent response and on the effect of
thermal conduction on the mechanical behavior. Dhote et al. [48,49]
presented a non-isothermal PF model to study the impacts of loading
rate on the dynamic, quasi-plastic and pseudoelastic response of SMA
nanostructures. Sun et al. [50] studied the influence of latent heat
in polycrystalline Mn–Ni alloy using PF modeling. Cissé and Asle
Zaeem [51] proposed a fully thermomechanically coupled elastoplastic
PF model to conduct the elastocaloric effect in CuAlBe SMAs accounting
for their polycrystalline microstructures.

Research studies on modeling the coupled problem of fracture and
MPT in austenitic microstructures are scarce in the literature. Particu-
larly, to the author’s knowledge, modeling of this coupled multi-physics
problem under thermo-mechanical loading has not been reported in
the literature. Therefore, the present study aims at developing a fully
coupled PF model to investigate the mechanism of MPT, crack initiation
and propagation. To this end, the latent heat release and absorption
accompanying the MPT are explicitly considered by coupling the PF
model with transient latent heat transfer. Moreover, the fracture surface
energy is modeled based on the second-order PF theory proposed
by [35] and then, the temporal evolution of the damage variable is
given by the variational derivative of the total potential free energy of
the system with respect to the damage variable, according to the TDGL
expression. On the other hand, the temperature-dependent chemical
energy density of the system is established as a Landau’s polynomial
function, whose parameters are identified using molecular dynamics
(MD). The coupled system of the TDGL equations, transient latent heat
transfer, and the equilibrium equation is established to properly model
the problem of MPT and crack initiation and propagation. The model
is solved using the finite element (FE) method.

2. Formulation

A PF approach for the coupled thermoelastic problem of MPT
and fracture is proposed in this study. The microstructure consists of
austenite and two symmetry-related martensitic variants, which are
represented in terms of the dispersion of two order parameters 𝑐1 and
𝑐2. In addition, to approximate an internal discontinuity (crack) in the
PF model, a damage parameter, 𝑠, is defined, which is 1 in undamaged
material and 0 at the crack [35]. The total free energy of the system
for transforming crystal lattice of austenite into crystal lattice of 𝑖th
martensitic variant comprises the elastic strain energy 𝑊 (𝜺, 𝑐𝑖), the
chemical free energy density 𝜓𝑠𝑒𝑝(𝑐𝑖, 𝑇 ), the fracture energy 𝑊 𝑒𝑠, and
the gradient free energy density 𝜓𝑔𝑟𝑎𝑑 (∇𝑐𝑖).

As demonstrated in Fig. 1, the formulation proposed considers
a coupling between mechanical part (e.g. stress field), MPT model,
thermal model, and fracture/damage model. The coupling between the
mechanical part (e.g. stress field) and phase transformation model is
accounted for through the consideration of the eigenstrain tensor in the
elastic strain energy density as well as the contributions of martensite
order parameters to the mechanical properties related to elasticity.
Furthermore, the coupling between the mechanical and damage models
is considered as a result of the degradation of the elastic energy and
stress field by the damage PF variable.
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Fig. 6. Contour plots of evolution of damage variable, martensite variant and corresponding 𝜎11-component in a coupled problem of one-variant MPT and fracture.
Fig. 7. Geometry, boundary conditions, initial crack position, and finite element model for the three models used in one-variant MPT.
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2.1. Chemical free energy

The chemical free energy drives the MPT and characterizes the
fundamental bulk thermodynamic properties of the system, which is
given by

𝜓𝑠𝑒𝑝(𝑐𝑖, 𝑇 ) = 𝑘𝑠𝑒𝑝
𝐺𝑐
𝐿𝑐
𝑓 (𝑐𝑖, 𝑇 ) (1)

where the parameter 𝐺𝑐 is the characteristic interface energy density.
𝐿𝑐 represents the width of the interface zone between the phases
and 𝑘𝑠𝑒𝑝 is a calibration constant. 𝑓 (𝑐𝑖, 𝑇 ) denotes a Landau poly-
nomial function defined in terms of martensite order parameters 𝑐
𝑖 t

4

and temperature. According to Devonshire’s extension of Landau the-
ory [52], 2-3-4 free energy polynomials appropriate for first-order
phase transformation can be expressed as:

𝑓 (𝑐𝑖, 𝑇 ) = 1 +
𝐴(𝑇 )
2

(𝑐21 + 𝑐
2
2 ) −

𝐵(𝑇 )
3

(𝑐31 + 𝑐
3
2 ) +

𝐷(𝑇 )
4

(𝑐21 + 𝑐
2
2 )

2 (2)

here

(𝑇 ) = 3𝐴(𝑇 ) + 12, 𝐷(𝑇 ) = 2𝐴(𝑇 ) + 12 (3)

he temperature-dependent coefficient 𝐴(𝑇 ) governs the local specific
ree energy density. The use of temperature-dependent coefficient leads
o prevent vanishing of 𝑓 (𝑐 , 𝑇 ) at the equilibrium temperature. This
𝑖
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Fig. 8. Evolution of the crack field, martensitic variant, and von Mises stress for Model 1.
Fig. 9. Evolution of the crack field, martensitic variant, temperature field, and von Mises stress for Model 2.
t
a

xpression shows a transformation from a metastable austenitic to a
table martensitic phase for low temperatures. On the other hand, high
emperatures reverse the relation, resulting in a stable austenitic and a
etastable martensitic phase. This suggests that there is a temperature
𝑒𝑞 , at which both phases are equally preferred. Transforming from a
table martensitic phase (𝐷 = 1) to a stable austenitic phase (𝐷 = 0)

would result in a jump discontinuity. As a result, the energy barrier 𝛥𝑓
at equilibrium temperature 𝑇𝑒𝑞 rises to a high value. Considering this,
the following expression stands for the parameter A:

limA(𝑇 )
𝑇→𝑇𝑒𝑞

→ ∞ (4)

A(𝑇 = 0) = 0 (5)
 t

5

Symmetry of 𝐴(𝑇 ) with respect to the equilibrium temperature 𝑇𝑒𝑞 is
supposed along with 𝐴 = 0 for 𝑇 = 0. Hence, a non-vanishing interface
velocity is obtained for 𝑇 = 0, leading to the model thermodynamically
inconsistent close to absolute zero. Nevertheless, the dynamics close to
𝑇 = 0 are not in the focus of interest. Using the conditions described in
Eq. (4) a function for A is constructed, see Fig. 2 [23]:

A(𝑇 ) = 𝜃
𝑇 (2𝑇𝑒𝑞 − 𝑇 )
|

|

|

𝑇𝑒𝑞 − 𝑇
|

|

|

𝛾 (6)

where 𝜃 and 𝛾 are the slope and curvature measurements, respec-
ively. Increasing the temperature makes the phase transformation from
ustenite to martensite more difficult. In fact, as the temperature rises,

he energy barrier between these two phases rises, requiring more
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Fig. 10. Evolution of the crack field, martensitic variant, temperature field, and von Mises stress for Model 3.
Fig. 11. Geometry, boundary conditions, initial crack position, and finite element model for the two models used for two-variant MPT.
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nergy in proportion to the temperature increase. The relation between
emperature and energy barrier increase in metastable austenite and
table martensite is graphically depicted in Fig. 3. The parameters 𝐴(𝑇 )
an be also achieved using data acquired from MD simulations. Fig. 4
emonstrates the Landau polynomial function obtained from MD [8,53]
or a temperature of T= 600 K versus one order parameter scaling
etween the austenitic phase (𝑐 = 0) and the martensitic orientation
ariant (𝑐 = 1). Using the least squares technique, 6th grade polynomial
s fitted to the MD data points for the Landau polynomial function to
btain the values for the parameter 𝐴(𝑇 ) for different temperature [23].
6

.2. Gradient free energy

The gradient free energy considers the smoothness of MPT across
he interfaces between austenite and martensite. The gradient energy
efined as the sum of gradient energies due to the inhomogeneity of
rder parameters is expressed as [13,54]

𝑔𝑟𝑎𝑑 (∇𝑐𝑖) =
1
2
𝑘𝑔𝑟𝑎𝑑𝐺𝑐𝐿𝑐‖‖∇𝑐𝑖‖‖

2 (7)

where 𝑘 represents a calibration constant.
𝑔𝑟𝑎𝑑
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Fig. 12. Evolution of damage variable, two martensite variants, temperature and von Mises stress in the austenitic microstructure according to Model A.
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2.3. Elastic strain energy

Contrary to the chemical free energy, which assists the phase trans-
formation, elastic strain energy requires to be overcome for MPT to
progress. The source of the elastic strain energy during MPT is associ-
ated with the lattice mismatch between the different phases. Based on
the microelasticity theory, the strain energy is given by

𝑊 (𝜺, 𝑐) = 1
2
[

𝜺 − 𝜺0(𝑐𝑖)
]

∶ 𝑪(𝑐𝑖)
[

𝜺 − 𝜺0(𝑐𝑖)
]

(8)

where 𝜺0(𝑐𝑖) = 𝑐1𝜺01 + 𝑐2𝜺02. 𝜺0𝑖 denotes the Bain strains. The material
tensor 𝑪(𝑐𝑖) denotes the elastic stiffness expressed by

𝑪(𝑐𝑖) = 𝑪𝐴 + 𝑐1(𝑪𝑀 − 𝑪𝐴) + 𝑐2(𝑪𝑀 − 𝑪𝐴) (9)

where the indices A and M signify the austenitic and martensitic phase,
respectively. Furthermore, 𝜺 is the linearized strain tensor related to the
local displacement vector, 𝒖, given by

𝜺(𝒖) = 1 (

∇𝒖 + (∇𝒖)𝑇
)

(10)

2

7

2.4. Fracture energy

To inhibit crack interpenetration in compression, we break down
the elastic strain into a positive volume change, 𝑊 𝑣𝑜𝑙+, a negative
olume change, 𝑊 𝑣𝑜𝑙−, and a deviatoric part, 𝑊 𝑑𝑒𝑣. This has been
riginated from the work of Amor et al. [55], in which the trace of
he strain tensor was decomposed into positive and negative parts. As

result, the part of the elastic energy in the regions with negative
olume change cannot be released as a consequence of the creation of
ew crack surfaces. On the contrary, in the regions where the volume
hange is positive, the elastic energy may contribute to the increments
f the surface energy. Consequently, the elastic strain energy density is
iven by

= 𝑊 𝑣𝑜𝑙− +𝑊 𝑣𝑜𝑙+ +𝑊 𝑑𝑒𝑣 (11)

here

𝑣𝑜𝑙− =

{

𝐾(𝑐)
2 𝑡𝑟(𝜀 − 𝜀0(𝑐𝑖) − 𝜀𝑡ℎ)2, 𝑡𝑟(𝜀 − 𝜀0(𝑐𝑖) − 𝜀𝑡ℎ) < 0

(12)

0, else
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Fig. 13. Variation of volume fraction of austenite and two martensite variants for Model A.
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𝑣𝑜𝑙+ =

{

(𝑠2 + 𝜂) 𝐾(𝑐)
2 𝑡𝑟(𝜀 − 𝜀0(𝑐𝑖) − 𝜀𝑡ℎ)2, 𝑡𝑟(𝜀 − 𝜀0(𝑐𝑖) − 𝜀𝑡ℎ) ≥ 0

0, else

(13)

𝑊 𝑑𝑒𝑣 = (𝑠2 + 𝜂) 𝜇(𝑐)
[

𝒆 − 𝑐𝑖𝒆0 − 𝒆𝑡ℎ
]

∶
[

𝒆 − 𝑐𝑖𝒆0 − 𝒆𝑡ℎ
]

(14)

in which 𝒆 = 𝜺 − 𝑡𝑟(𝜺)∕2 𝐈, 𝒆𝟎 = 𝜺0 − 𝑡𝑟(𝜺0)∕2 𝐈 and 𝒆𝒕𝒉 = 𝜺𝑡ℎ − 𝑡𝑟(𝜺𝑡ℎ)∕2 𝐈
are the deviatoric parts of the strain, eigenstrain, and thermal tensor in
the 2-D formulation, respectively, with 𝐈 representing the 2-D identity
tensor. 𝐾(𝑐) and 𝜇(𝑐) are the bulk and the shear modulus, respectively.
𝜂 denotes residual stiffness to avoid instability in the numerical pro-
cedure. Considering a linear thermal expansion, the thermal tensor is
given by

𝜀𝑡ℎ = 𝛼(𝑇 − 𝑇 0) (15)

The coefficient of thermal expansion 𝛼 is independent of either temper-
ature T or order parameter and is only related to a volumetric change.
The coefficient is known to vary with temperature, however, in the
temperature range of 200 to 850 K, the thermal expansion coefficient
does not alter significantly. Furthermore, the thermal strain is low in
comparison to the eigenstrain.

The PF model for fracture is presented based on the variational
formulation of the Griffith’s theory introduced by Francfort and Marigo
[25]. According to this model, the minimum energy required for creat-
ing a cracked surface per unit area is equivalent to the critical fracture
energy density termed as the critical energy release rate. Following the
work of Kuhn and Müller [36], the fracture energy density is expressed
by

𝑊 𝑒𝑠 =
𝐺𝑠(1 − 𝑠)

2

4𝐿𝑠
+ 𝐺𝑠𝐿𝑠‖∇𝑠‖

2 (16)

n which 𝐺𝑠 denotes the critical strain energy release rate and 𝐿𝑠 is the
ength-scale parameter for the crack.

Considering the contribution of the damage order parameter to the
otal PF potential, the total PF potential is decomposed in the following
ay

𝑡 = 𝑊 𝑣𝑜𝑙− + 𝜓𝑔𝑟𝑎𝑑 + 𝜓𝑠𝑒𝑝
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝜓𝑛𝑠

+𝑊 𝑣𝑜𝑙+ +𝑊 𝑑𝑒𝑣 +𝑊 𝑒𝑠
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝜓𝑠

(17)

here 𝜓𝑛𝑠 is not coupled with the damage order parameter 𝑠 in contrast
o 𝜓𝑠. As a result, the elastic energy related to the negative volume
hange 𝑊 𝑣𝑜𝑙− cannot be minimized by generating cracks, which results
n asymmetric outcomes in tension and compression situations. This
issimilarity is demanded since the Bain strain 𝜺0(𝑐𝑖) of the martensitic
hase results in compression even if purely traction load is imposed.
 c

8

.5. Governing equations

The temporal evolution of the order parameter 𝑐𝑖 can be presented
y 𝑖 TDGL equations, which express the linear relation between the
ate of change of the order parameters and generalized thermodynamic
orces conjugate to them. The TDGL equation for the order parameter
𝑖 is given by [12]

𝜕𝑐𝑖
𝜕𝑡

= −
𝑛
∑

𝑖=1
𝑀𝑐

𝛿𝜓𝑡
𝛿𝑐𝑖

(18)

here 𝑀𝑐 denotes a kinetic parameter and 𝛿𝜓𝑡∕𝛿𝑐𝑖 is the variational
erivative that determines the local driving force for the martensite
ormation.

Based on the TDGL equation for fracture, the evolution equation of
he damage order parameter, s, can be written as

𝜕𝑠
𝜕𝑡

= −𝑀𝑠
𝛿𝜓𝑡
𝛿𝑠

= −𝑀𝑠

(

2𝑠
(

𝑊 𝑣𝑜𝑙+ +𝑊 𝑑𝑒𝑣) − 𝐺𝑠

(

2𝐿𝑠𝛥𝑠 +
1 − 𝑠
2𝐿𝑠

))

(19)

where 𝑀𝑠 denotes the mobility parameter scaling the kinetics of the
crack growth.

On the other hand, the equilibrium equation of the body is given by

∇ . 𝝈 = 0 (20)

where the Cauchy stress tensor 𝝈 can be derived from the constitutive
expression as

𝝈 =
𝜕𝜓𝑡
𝜕𝜺

= 𝐾(𝑐)𝑡𝑟−(𝜺 − 𝜺0(𝑐𝑖) − 𝜺𝑡ℎ)𝐈
+ (𝑠2 + 𝜂)

(

𝐾(𝑐)𝑡𝑟+(𝜺 − 𝜺0(𝑐𝑖) − 𝜺𝑡ℎ)𝐈 + 2𝜇(𝑐)(𝒆 − 𝒆0(𝑐𝑖) − 𝒆𝑡ℎ)
)

(21)

Under steady-state heat conduction, the heat equation is given by

𝑐𝑝 �̇� − ∇ . 𝑞 = 0 (22)

here 𝜌 is the density and 𝑐𝑝 denotes the heat capacity. q represents the
eat flux given by the Fourier’s heat conduction law as follows [56,57]

= (𝑠2 + 𝜁 ) 𝜅 ∇𝑇 (23)

here 𝜅 is the thermal conductivity. Note that according to Eq. (22),
hermal conductivity is degraded by the damage variable and the
egradation of the conductivity results in the uniform reduction of the
onductivity values in all directions.
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Fig. 14. Evolution of damage variable, two martensite variants, temperature and von Mises stress in the austenitic microstructure according to Model B.
∫

w
k

. Finite element implementation

The thermomechanical coupled model established in the previous
ection is implemented into a finite element framework, where the
nown variables are the displacements 𝒖, MPT order parameter 𝑐𝑖, and
amage order parameter 𝑠. With virtual displacements 𝜂𝑢 and virtual
ariables 𝜂𝑠, 𝜂𝑡ℎ, and 𝜂𝑐𝑖 , the weak forms of Eq. (20), (18), (22), and (19)
re, respectively

∫𝛺
∇𝜂𝑢 ∶ 𝝈 𝑑𝑉 = ∫𝛤

𝜂𝑢𝒕∗𝑑𝐴 (24)

∫𝛺
�̇�𝑖
𝑀𝑐

𝜂𝑐𝑖 𝑑𝑉 − ∫𝛺
𝑞𝑐𝑖 . ∇𝜂𝑐𝑖 𝑑𝑉

+ ∫𝛺
(𝑠2 + 𝜂)

𝜕(𝑊 𝑣𝑜𝑙+ +𝑊 𝑑𝑒𝑣)
𝜕𝑐𝑖

𝜂𝑐𝑖 𝑑𝑉 + ∫𝛺
𝜕(𝜓𝑠𝑒𝑝 +𝑊 𝑣𝑜𝑙−)

𝜕𝑐𝑖
𝜂𝑐𝑖 𝑑𝑉

= − 𝒒∗𝑐 𝜂𝑐𝑖𝑑𝐴 (25)
∫𝛤

9

𝛺
(𝜂𝑡ℎ 𝜌 𝑐𝑝 �̇� − ∇𝜂𝑡ℎ.𝑞)𝑑𝑉 = −∫𝛤

𝑞𝑡ℎ
∗𝜂𝑡ℎ𝑑𝐴 (26)

∫𝛺
�̇�
𝑀𝑠

𝜂𝑠 𝑑𝑉 − ∫𝛺
𝑞𝑠.∇𝜂𝑠 𝑑𝑉

+ ∫𝛺

(

2𝑠(𝑊 𝑣𝑜𝑙+ +𝑊 𝑑𝑒𝑣) −
𝐺𝑠(1 − 𝑠)

2𝐿𝑠

)

𝜂𝑠 dΩ = −∫𝛤
𝒒∗𝑠 𝜂𝑠𝑑𝐴 (27)

here 𝑞𝑐𝑖 = −𝑘𝑔𝑟𝑎𝑑𝐺𝑐𝐿𝑐∇𝑐𝑖 and 𝑞𝑠 = −𝐺𝑠𝐿𝑠∇𝑠. The discretization of the
nown variables with shape functions 𝑵𝐼 for node 𝐼 is expressed by:

𝐮 = 𝑵𝐼𝐮𝐼

𝑐𝑖 = 𝑵𝐼 𝑐𝑖𝐼

∇𝑐𝑖 = 𝑩𝑐
𝐼 𝑐𝑖𝐼

�̇� = 𝑵𝐼 �̇�𝐼

𝜺 = 𝑩𝑢
𝐼𝐮𝐼

�̇�𝑖 = 𝑵𝐼 �̇�𝑖𝐼

𝑠 = 𝑵𝐼𝑠𝐼

∇𝑠 = 𝑩𝑠
𝐼𝑠𝐼

𝑇

(28)
𝑇 = 𝑵𝐼𝑇𝐼 ∇𝑇 = 𝑩𝐼 𝑇𝐼
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𝑹

𝑹

Fig. 15. Variation of volume fraction of austenite and two martensite variants for Model B.
In a 2-D setting, the spatial derivatives can be expressed by means
of the matrices:

𝑩𝑢
𝐼 =

⎡

⎢

⎢

⎣

𝑵𝐼,𝑥 0
0 𝑵𝐼,𝑦

𝑵𝐼,𝑦 𝑵𝐼,𝑥

⎤

⎥

⎥

⎦

𝑩𝑠
𝐼 =

[

𝑵𝐼,𝑥
𝑵𝐼,𝑦

]

𝑩𝑐
𝐼 =

[

𝑵𝐼,𝑥
𝑵𝐼,𝑦

]

𝑩𝑇
𝐼 =

⎡

⎢

⎢

⎣

𝑵𝐼,𝑥 0
𝑎 𝑵𝐼,𝑦

𝑵𝐼,𝑦 𝑵𝐼,𝑥

⎤

⎥

⎥

⎦

(29)

The residual vectors can be calculated using the weak form of the
obtained equations as follows

𝑹𝑢
𝐼,𝑒 = ∫𝛺

(𝑩𝑢
𝐼 )
𝑇 𝝈𝑑𝑉 (30)

𝑹𝑐𝑖
𝐼,𝑒 = ∫𝛺

𝑵𝐼
�̇�𝑖
𝑀𝑐

𝑑𝑉 − ∫𝛺
(𝑩𝑐

𝐼 )
𝑇 𝑞𝑐𝑖𝑑𝑉

+ ∫𝛺
𝑁𝐼

(

(𝑠2 + 𝜁 )
𝜕(𝑊 𝑣𝑜𝑙+ +𝑊 𝑑𝑒𝑣)

𝜕𝑐𝑖
+
𝜕(𝑊 𝑣𝑜𝑙+ +𝑊 𝑑𝑒𝑣)

𝜕𝑐𝑖

)

𝑑𝑉

(31)

𝑡ℎ
𝐼,𝑒 = ∫𝛺

(

𝜌𝑐𝑝𝑁𝐼𝑁𝐽 �̇� + 𝜅(𝑠2 + 𝜁 )(𝑩𝑇
𝐼 )
𝑇∇𝑇

)

𝑑𝑉 (32)

𝑠
𝐼,𝑒 = ∫𝛺

𝑵𝐼
�̇�
𝑀𝑠

𝑑𝑉 − ∫𝛺
(𝑩𝑠

𝐼 )
𝑇 𝑞𝑠𝑑𝑉

+ ∫𝛺
𝑁𝐼

(

2𝑠(𝑊 𝑣𝑜𝑙+ +𝑊 𝑑𝑒𝑣) −
𝐺𝑠(1 − 𝑠)

2𝐿𝑠

)

𝑑𝑉 (33)

The first residuum corresponds to mechanical equilibrium, while the
second and third are related to the TDGL equations for phase trans-
formation and heat conduction, respectively. The last one refers to the
TDGL equation for the fracture contribution. The nodal stiffness matrix
𝑲𝐼,𝐽 is the derivative of the residual 𝑹𝐼 with respect to the nodal
degrees of freedom. The stiffness matrix 𝑲𝐼,𝐽 ∈ R6×6 is given by

𝑲𝐼,𝐽 ,𝑒 = −
𝜕𝑹𝐼

𝜕𝑑𝐽
=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑲𝑢𝑢
𝐼,𝐽 ,𝑒 𝑲𝑢𝑐1

𝐼,𝐽 ,𝑒 𝑲𝑢𝑐2
𝐼,𝐽 ,𝑒 𝑲𝑢𝑇

𝐼,𝐽 ,𝑒 𝑲𝑢𝑠
𝐼,𝐽 ,𝑒

𝑲𝑐1𝑢
𝐼,𝐽 ,𝑒 𝑲𝑐1𝑐1

𝐼,𝐽 ,𝑒 𝑲𝑐1𝑐2
𝐼,𝐽 ,𝑒 𝑲𝑐1𝑇

𝐼,𝐽 ,𝑒 𝑲𝑐1𝑠
𝐼,𝐽 ,𝑒

𝑲𝑐2𝑢
𝐼,𝐽 ,𝑒 𝑲𝑐2𝑐1

𝐼,𝐽 ,𝑒 𝑲𝑐2𝑐2
𝐼,𝐽 ,𝑒 𝑲𝑐2𝑇

𝐼,𝐽 ,𝑒 𝑲𝑐2𝑠
𝐼,𝐽 ,𝑒

𝑲𝑇 𝑢
𝐼,𝐽 ,𝑒 𝑲𝑇 𝑐1

𝐼,𝐽 ,𝑒 𝑲𝑇 𝑐2
𝐼,𝐽 ,𝑒 𝑲𝑇𝑇

𝐼,𝐽 ,𝑒 𝑲𝑇 𝑠
𝐼,𝐽 ,𝑒

𝑲𝑠𝑢
𝐼,𝐽 ,𝑒 𝑲𝑠𝑐1

𝐼,𝐽 ,𝑒 𝑲𝑠𝑐2
𝐼,𝐽 ,𝑒 𝑲𝑠𝑇

𝐼,𝐽 ,𝑒 𝑲𝑠𝑠
𝐼,𝐽 ,𝑒

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(34)

The damping matrix is defined as the derivative of the nodal residuals

𝑹𝐼 with respect to the nodal degrees of freedom rates. The damping

10
matrix is as follows

𝑫𝐼,𝐽 ,𝑒 = −
𝜕𝑹𝐼

𝜕 ̂̇𝑑𝐽
=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0 0 0 0 0
0 𝑫𝑐1

𝐼,𝐽 ,𝐼 0 0 0
0 0 𝑫𝑐2

𝐼,𝐽 ,𝐼 0 0
0 0 0 𝑫𝑇

𝐼,𝐽 ,𝐼 0
0 0 0 0 𝑫𝑠

𝐼,𝐽 ,𝐼

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(35)

4. Numerical results and discussion

Due to lack of available experimental data for the crack initiation
and growth in microstructures subjected to one-variant MPT, the results
obtained for an austenitic plate under Mode I loading are compared
with those presented in [44]. A vertical displacement is applied on
the top and bottom edges of the specimen along the y-direction to
simulate a pure Mode I fracture, as shown in Fig. 5. The evolution
of the one-variant MPT and crack growth behavior obtained from
Ref. [44] are compared with those from the present work, as depicted
in Fig. 6. Comparison between the results of the present method and
those obtained in Ref. [44] show a good agreement. As can be seen
from Fig. 6, the crack does not grow straight through the specimen but
kinks and propagate in the vertical direction. Moreover, it is observed
that the crack growth does not begin until the one-variant martensite
phase has propagated entirely through the specimen.

In the following sections, first, the proposed thermoelastic PF model
is applied to a coupled problem of one-variant MPT and fracture.
Afterward, a problem of two-variant MPT is modeled and achieved
novel results are presented and discussed in detail.

4.1. One-variant MPT coupled with fracture and heat transfer

Fig. 7 shows the geometry, initial conditions, mechanical and tem-
perature boundary conditions, loading and FE mesh. In order to study
the effect of temperature on the coupled multi-physics problem, the
analysis is conducted for three different models, which differ in terms
of temperature boundary conditions. Material properties including me-
chanical and thermal properties as well as parameters related to MPT
are assumed according to the following conditions:

𝐾𝐴 = 1.73 × 105 MPa, 𝜇𝐴 = 0.8 × 105 MPa, (36)

𝐾𝑀 = 1.1𝐾𝐴, 𝜇𝑀 = 1.1𝜇𝐴, (37)

𝜌 = 5850 kg∕m3, 𝜅 = 55 W∕mk, (38)

𝑐 = 480 J∕kg◦k, 𝛼 = 1.4 × 10−5∕◦k (39)
𝑝
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𝐿𝑐 = 1 nm , 𝐿𝑠 = 1 nm, (40)

𝐺𝑐 = 1 J
m2

, 𝐺𝑠 = 1 J
m2

(41)

he models have been discretized using 161,604 linear 4-node ele-
ents. Moreover, the eigen strain tensor is given by

0
1 =

⎡

⎢

⎢

⎣

−0.1
0.1
0

⎤

⎥

⎥

⎦

, 𝜺02 =
⎡

⎢

⎢

⎣

0.1
−0.1
0

⎤

⎥

⎥

⎦

(42)

he evolution of the coupled one-variant MPT and crack growth for
he Model 1, in which the entire specimen is at a constant temperature
f 280 K, is shown in Fig. 8. As can be seen in this figure, the MPT
tarts from the crack tip and develops across the microstructure, in
articular, the crack propagates in the area between the martensitic
nd austenitic layers. Fig. 9 and 10 show the onset and growth of a
rack and the evolution of the microstructure for the martensitic variant
nd temperature, according to Model 2 and 3, respectively. As the
emperature in the specimen rises, the energy level required for MPT
ncreases, which implies that the phase transformation change becomes
ore difficult.

The temperature rise in the specimen leads to an increase in the
nergy level required for MPT, thus the energy released in the stress-
nduced process at the crack tip will not be sufficient for the MPT.
s a result of the increased energy level, some areas with higher

emperatures remain in the austenitic phase, whereas the probability of
PT in areas with lower temperatures is higher. Comparing Figs. 8–10

eveals that the highest volume fraction of martensite phase belongs to
odel 1, which has a lower temperature than the other two models.

.2. Two-variant MPT coupled with fracture and heat transfer

In order to make the model more realistic, the effect of the second
artensitic variant has been added to the analysis. This means that
roblem has six degrees of freedom with the same material properties
nd element type as the model presented in Section 4.1. In order to
ave a better understanding of the effect of temperature changes on
he fully coupled problem, two models (A and B) with different thermal
oundary conditions (see Fig. 11) are considered. The evolution of the
amage variable, the martensitic variants, the temperature distribution,
nd the von Misses stress for Model A are presented in Fig. 12. It can be
een from the figure that the process of forming martensitic variables
t the lower edge of the specimen is more difficult because the lower
dge is at a higher temperature than the top one. As can be observed
n the figure, martensitic variables develop at a slower rate and there
s a lower martensitic volume fraction in the areas close to the lower
dge of the specimen. However, it is worth noting that this tendency
s reversed in the areas adjacent to the top edge, which is at a lower
emperature. Moreover, it can be concluded from Fig. 12 that the stress
oncentration ahead of the crack tip influences the evolution of the
artensite variants. Furthermore, the direction of the crack growth

hanges with temperature changes throughout the specimen and the
ormation of the plate-like martensite ahead of the crack tip.

Fig. 13 illustrates the process of martensite formation in the pure
ustenitic specimen for Model A before and after crack initiation. It can
e inferred from the figure that before the time of 100 ms, the energy
eeded to start the MPT is not provided. After the energy required for
he phase change at the crack tip has been supplied, the martensitic
ariants develop throughout the microstructure, progressively decreas-
ng the volume fraction of austenite. Furthermore, it can be concluded
hat the first martensitic variant is the dominating phase in the material
hich continues until the end of process. In the end, the composition
f the material phases includes 7% austenite phase, 50% and 43% first
nd second martensitic variants, respectively.

To investigate the impact of the temperature on the MPT and crack
ropagation, the distribution of the martensitic variants, temperature,
nd von Mises stresses for Model B are illustrated in Fig. 14. As seen
11
n the figure, formation of the martensitic phase at the lower part
f the specimen in Model B is challenged since its temperature is
igher than that for Model A. Moreover, it should be noted that due to
igh stress concentration at the interfaces of martensitic and austenitic
hases the crack branching takes place at point A. The variation of
olume fraction of austenite and martensite variants for Model B is
hown in Fig. 15. The noteworthy finding from this figure is that at the
nd of process a significant percentage of the austenite phase (about
7%) remains in the material, whereas the first and second martensitic
ariants constitute 45% and 28% of the composition, respectively.
omparing Figs. 13 and 15 shows that the temperature variation has a
remendous impact on the growth rate of both martensitic variants and
onsequently on the crack behavior.

. Conclusion

In this study, a thermomechanical coupled problem of crack initia-
ion and propagation combined with two-variant MPT was investigated
sing PF modeling. The developed model consists of a coupled system
f three TDGL equations, which describe the evolution of the dam-
ge variable and two martensite variants, the quasi-static equilibrium
quation, and the transient heat transfer equation. The latent heat
elease and absorption involved in the MPT was considered explicitly
y coupling the PF model with transient latent heat conduction. In
rder to consider temperature dependency in the PF model for MPT, a
emperature-dependent Landau polynomial function, whose parameters
re identified using MD simulations, was introduced. The main results
an be summarized as follows:

• It has been concluded that as the temperature in the specimen
rises, the energy level required for MPT increases, which implies
that the phase transformation change becomes more difficult. As
a consequence of the elevated energy level, the energy released
at the crack tip does not provide enough energy for MPT.

• The stress concentration ahead of the crack tip affects the evolu-
tion of the martensite variants. The direction of the crack growth
changes with temperature changes throughout the specimen as
well as the formation of the plate-like martensite ahead of the
crack tip.

• The results revealed that at higher temperatures the formation
of martensitic phase faces a substantial barrier as seen in the
lower part of the plate. Formation of martensite variants results in
high stress concentration in the interfaces of martensitic variants
and austenitic phase which in turn leads to crack growth and
branching at those interfaces.

• It was inferred that the temperature change has a tremendous
impact on the growth rate of both martensitic variants and, as
a result, on the crack growth path.
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