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Abstract 

The structure of exhaust system influences the loudness of exhaust noise significantly. This paper 

indicates the impact of the structure parameters of exhaust system on the loudness of exhaust tail noise 

and presents an evaluation model to conduct the improvement of exhaust system for improved loudness. 

Firstly, the twenty-seven structure samples are designed by orthogonal experiment and exhaust tail 

noises of those are obtained by simulation. The accuracy of simulation is also validated by the 

experiment successfully. Then the structure-loudness model is developed by the radial basis function 

(RBF) network technique. Subsequently, the contributions and main effects of the structure parameters 

on loudness are indicated in this work. Finally, based on the structure-loudness model, the robust 

optimum design for improved loudness is studied by the adaptive simulated annealing (ASA) algorithm. 

The result of optimization certifies that the structure-loudness model is useful for the optimization. The 

method applied in this paper can be feasible for other psychoacoustic metrics. 
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1. Introduction 

The modern vehicle is not only a means of transportation but also a part of 

human’s living space. Therefore, customers are paying more and more attention to the 

comfort characteristic of vehicle, especially the NVH (Noise, Vibration and Harshness) 

performance. Recently, the sound quality of interior noise of car is identified as a 

major component in the overall quality of vehicle by the passengers and thus the 

sound quality is more concerned. Over the last few decades, a significant amount of 

studies has been conducted to develop and apply new approaches for the evaluation of 

sound quality [1-3]. Lately, Volandri et al. investigated the subjective and objective 

evaluations of the sound quality of power window noise and analyzed the correlation 

between them [4]. A model of psychoacoustic sportiness was developed by Kwon et al. 

to describe the “sporty” of interior noise [5]. Although the evaluation of sound quality 

can reflect the perception of interior noise of car, it offers little guidance on the 

improvement of acoustic characteristics. For the sake of optimization of the sound 

quality of interior noise, the main noise sources are the necessary evils that need to be 

dealt with. For example, the sound quality of interior noise was controlled through the 

usage of biodegradable and recyclable natural materials which are low-cost and 

light-weight by Singh and Mohanty [6]. The exhaust tail noise possesses a principal 

component of the interior noise and the corresponding psychoacoustic metrics have an 

important impact on vehicle sound quality perception. Among all the psychoacoustic 

metrics of exhaust tail noise, the loudness is the main constituent of the sound quality.  

The loudness is calculated by the sound pressure level of exhaust tail noise 
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which is determined by the exhaust system. In exhaust system, the gas produced by 

engine recurrently passes through exhaust system to the atmosphere, generating the 

exhaust tail noise [7]. Compared with other noises composing the vehicle interior 

noise, the most apparent characteristic of exhaust noise is the impulsive influenced by 

the engine. Lighthill pointed out that the flow noise through a valve contains acoustic 

monopoles, dipoles and quadrupoles [8]. Zhao and Shi et al. indicated that the 

impulsive exhaust gas flows through the valves of engine, generating the acoustic 

source of exhaust noise which is briefly the acoustic monopoles and quadrupoles 

[9-11]. After passing the exhaust system, the gas is finally concentrated at the exhaust 

tail pipe orifice. An important component of exhaust system is the silencer which is 

installed to eliminate the exhaust tail noise. The silencer can partly prevent the 

generation of noise and impair the noise generation in the previous path [12-14]. It 

can be inferred that the acoustic characteristic of exhaust tail noise is determined by 

the exhaust system. That is to say, the outstanding quality of exhaust system can 

reduce the sound pressure level of tail noise magnificently, leading to a more visible 

improvement of the loudness of noise. 

In the past, a lot of attentions have been paid to the structure optimization of 

exhaust system for better acoustic performance. Ranjbar investigated passive noise 

reduction methods in muffler and conduct an experimental examination [15]. Zhang et 

al. optimized the exhaust system of the diesel through computer analysis engineering 

and made the loss of exhaust noise more than 10 dB [16]. Steblaj et al. proposed an 

adaptive silencer and improved the transmission loss obviously [17]. However, little 
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literature deals with the optimum design for improved loudness owing to the 

indeterminate relationship between the structure of exhaust system and loudness of 

noise. In order to optimize the structure, the correlation between them should be 

understood. 

Regarding the optimization of exhaust system, it also should be noted that in the 

practical project, there are some inevitable errors caused in the structure manufacture 

resulting in huge deviation of system response. It is necessary to take the structure 

uncertainty into account in the process of structure design and sound quality 

optimization. A large number of studies about robust design have been conducted. For 

example, Apley et al. developed a methodology based on a Bayesian framework to 

quantify the effect of interpolation uncertainty on the robust design [18]. Zhang et al. 

proposed a RO framework to avoid infeasible robust optimal design with the 

consideration of parameter uncertainty [19]. Son presented a novel approach to 

ascertain the stability and robustness of the nonlinear dynamic system [20]. 

In traditional work, the correlation between the parameters of structure and 

sound pressure level of noise has attracted a lot of attention. However, different from 

previous studies, the relationship between the loudness of exhaust tail noise which is 

an evaluation metric of sound quality and the structure parameters of exhaust system 

is focused in this paper. The outline of this work is as follows. Firstly, based on a 

sample exhaust system, different samples which contain the parameters of structure 

were designed by the orthogonal method. Subsequently, the exhaust tail noises of 

samples were simulated and the results of the loudness of these noises were calculated. 
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With the experiment verification, it was proved that the simulations have a very good 

accuracy and can be used to succedent investigation and improvement. According to 

the samples, the contributions and main effects of structure parameters were analyzed. 

Moreover, the structure-loudness model was developed by the RBF network 

technique. Finally, based on the structure-loudness model, the robust optimum design 

for loudness was conducted. 

2. Design of structure samples and loudness calculation 

In order to elaborate the relation between the structure of exhaust system and the 

loudness of corresponding noise, several samples containing structure parameters of 

system and loudness of noise are necessary. The values of parameters of each sample 

are different from those of other samples. Considering that the engine speed is usually 

around 2000 r/min, in the present study, the design of different samples was 

conducted in the condition that the engine speed is 2000 r/min. 

2.1 Structure parameters of samples 

    As previously mentioned, several parameters of a sample exhaust system which 

is shown in Fig. 1 should be selected. Considering the primary muffling element of 

exhaust noise is the silencer, the structure parameters of two silencers were chosen for 

samples. Owing to the pipe diameter and volume of chamber of silencer are the 

primary factors to influence the tail noise, eight parameters about them, described in 

Figs. 2 (a) and (b), were selected for the sake of giving a full description of the impact 

of structure parameters on the loudness of exhaust noise. These eight parameters are 

as follows: the diameter of inlet pipe of front silencer(S1), the diameter of outlet pipe 
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of front silencer (S2), the diameter of inlet pipe of rear silencer (S3), the diameter of 

outlet pipe of rear silencer (S4), the diameter of perforation of silencer baffles (S5), the 

distance between baffle and outlet of front silencer (S6), the distance between first 

baffle and inlet of rear silencer (S7) and the distance between second baffle and inlet 

of rear silencer (S8).  

 
Fig. 1. Sample exhaust system 

 

(a) Structure parameters of front silencer 

 

(b) Structure parameters of rear silencer 

Fig. 2. Structure parameters of silencers 

2.2 Orthogonal design of samples 

After the structure parameters were determined, the orthogonal design was 

applied for the purpose of development of sample database. For the sake of better 
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precision, more samples are required. However, more samples would increase the 

workload. Taking the both into consideration, a three-level orthogonal array, 

specifying 27 runs and having 8 columns, was employed in this work. The ranges and 

levels of eight selected parameters are shown in Table 1 and the detailed scheme of 

orthogonal design is listed in Table 2.  

Table 1 

Ranges and three levels of structure parameters 

Structure 

parameters(mm) 
Range Level 1 Level 2 Level 3 

S1 42.3~51.7 42.3 47 51.7 

S2 43.2~52.8 43.2 48 52.8 

S3 38.34~46.86 38.34 42.6 46.86 

S4 38.34~46.86 38.34 42.6 46.86 

S5 3.15~3.85 3.15 3.5 3.85 

S6 237.2~296.5 237.2 266.85 296.5 

S7 245.4~294.48 245.4 269.94 294.48 

S8 400.86~489.94 400.86 445.4 489.94 

Table 2 

Orthogonal design of structure parameters 

No 
Structure parameters(mm) 

S1 S2 S3 S4 S5 S6 S7 S8 

1 42.3 43.2 38.34 38.34 3.15 237.2 245.4 400.86 

2 42.3 43.2 42.6 42.6 3.5 266.85 269.94 445.4 

3 42.3 43.2 46.86 46.86 3.85 296.5 294.48 489.94 

4 42.3 48 38.34 42.6 3.5 296.5 294.48 445.4 

5 42.3 48 42.6 46.86 3.85 237.2 245.4 489.94 

6 42.3 48 46.86 38.34 3.15 266.85 269.94 400.86 

7 42.3 52.8 38.34 46.86 3.85 266.85 269.94 489.94 

8 42.3 52.8 42.6 38.34 3.15 296.5 294.48 400.86 

9 42.3 52.8 46.86 42.6 3.5 237.2 245.4 445.4 

10 47 43.2 38.34 42.6 3.85 266.85 294.48 400.86 

11 47 43.2 42.6 46.86 3.15 296.5 245.4 445.4 

12 47 43.2 46.86 38.34 3.5 237.2 269.94 489.94 

13 47 48 38.34 46.86 3.15 237.2 269.94 445.4 

14 47 48 42.6 38.34 3.5 266.85 294.48 489.94 

15 47 48 46.86 42.6 3.85 296.5 245.4 400.86 

16 47 52.8 38.34 38.34 3.5 296.5 245.4 489.94 
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17 47 52.8 42.6 42.6 3.85 237.2 269.94 400.86 

18 47 52.8 46.86 46.86 3.15 266.85 294.48 445.4 

19 51.7 43.2 38.34 46.86 3.5 296.5 269.94 400.86 

20 51.7 43.2 42.6 38.34 3.85 237.2 294.48 445.4 

21 51.7 43.2 46.86 42.6 3.15 266.85 245.4 489.94 

22 51.7 48 38.34 38.34 3.85 266.85 245.4 445.4 

23 51.7 48 42.6 42.6 3.15 296.5 269.94 489.94 

24 51.7 48 46.86 46.86 3.5 237.2 294.48 400.86 

25 51.7 52.8 38.34 42.6 3.15 237.2 294.48 489.94 

26 51.7 52.8 42.6 46.86 3.5 266.85 245.4 400.86 

27 51.7 52.8 46.86 38.34 3.85 296.5 269.94 445.4 

2.3 Calculation of loudness 

After the acquirement of 27 groups which are shown in Table 2, numerical 

simulations were executed for the sound pressure levels in frequency domain. In the 

present work, the GT-POWER [21] was used to simulate the sound pressure level of 

each group. The sound pressure level of each group was used to calculate the 

loudness. 

The loudness takes the filtering characteristic of human’s auditory system into 

consideration, indicating the feeling of human’s ear to the sound intensity of noise. In 

this work, the Zwicker’s loudness method is used for computing the loudness of 

exhaust noise. The content of loudness calculation contains the specific loudness and 

total loudness. According to the standard ISO 532B [22], the calculation methods of 

specific loudness and total loudness are shown respectively in Eqs. (1) and (2): 

0.230.23

TQ

0 TQ

' 0.08 0.5 0.5 1
E E

N
E E

   
            

 
(1) 

where, N’ is the specific loudness of the sound in sone/Bark; ETQ is the excitation 

which is under the circumstance of the quiet ambient; E0 is the excitation of a 
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reference sound whose intensity is equal to 10
-12

W/m
2
; E is the excitation of the 

sound. 

24Bark

0
'dN N z   (2) 

where, N is the total loudness of the sound and z is the critical band rate in Bark. 

The results of total loudness of 27 groups are shown in Table 3. Each group, 

containing the structure parameters and loudness, acts as a discrete sample of the 

whole sample database.  

Table 3  

Structure parameters and loudness 

No 
Structure parameters(mm) 

Loudness(sone) 
S1 S2 S3 S4 S5 S6 S7 S8 

1 42.3 43.2 38.34 38.34 3.15 237.2 245.4 400.86 20.63 

2 42.3 43.2 42.6 42.6 3.5 266.85 269.94 445.4 26.67 

3 42.3 43.2 46.86 46.86 3.85 296.5 294.48 489.94 32.1 

4 42.3 48 38.34 42.6 3.5 296.5 294.48 445.4 21.19 

5 42.3 48 42.6 46.86 3.85 237.2 245.4 489.94 31.39 

6 42.3 48 46.86 38.34 3.15 266.85 269.94 400.86 21.46 

7 42.3 52.8 38.34 46.86 3.85 266.85 269.94 489.94 24.29 

8 42.3 52.8 42.6 38.34 3.15 296.5 294.48 400.86 24.15 

9 42.3 52.8 46.86 42.6 3.5 237.2 245.4 445.4 28.03 

10 47 43.2 38.34 42.6 3.85 266.85 294.48 400.86 29.73 

11 47 43.2 42.6 46.86 3.15 296.5 245.4 445.4 27.54 

12 47 43.2 46.86 38.34 3.5 237.2 269.94 489.94 29.87 

13 47 48 38.34 46.86 3.15 237.2 269.94 445.4 26.17 

14 47 48 42.6 38.34 3.5 266.85 294.48 489.94 23.53 

15 47 48 46.86 42.6 3.85 296.5 245.4 400.86 27.35 

16 47 52.8 38.34 38.34 3.5 296.5 245.4 489.94 24.52 

17 47 52.8 42.6 42.6 3.85 237.2 269.94 400.86 32.04 

18 47 52.8 46.86 46.86 3.15 266.85 294.48 445.4 29.42 

19 51.7 43.2 38.34 46.86 3.5 296.5 269.94 400.86 28.07 

20 51.7 43.2 42.6 38.34 3.85 237.2 294.48 445.4 29.24 

21 51.7 43.2 46.86 42.6 3.15 266.85 245.4 489.94 31.97 

22 51.7 48 38.34 38.34 3.85 266.85 245.4 445.4 23.4 

23 51.7 48 42.6 42.6 3.15 296.5 269.94 489.94 28.26 

24 51.7 48 46.86 46.86 3.5 237.2 294.48 400.86 32.14 
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25 51.7 52.8 38.34 42.6 3.15 237.2 294.48 489.94 29.17 

26 51.7 52.8 42.6 46.86 3.5 266.85 245.4 400.86 29.81 

27 51.7 52.8 46.86 38.34 3.85 296.5 269.94 445.4 29.99 

2.4 Experimental verification for simulation 

In order to guarantee the accuracy of subsequent investigation, an experiment 

was conducted to verify the accuracy of the loudness obtained by the simulation and 

calculation. The sample vehicle was equipped with testing exhaust system and worked 

on the revolving drum test table. The structure parameters of exhaust system in the 

experiment are shown in Table 4. The engine speed of vehicle is 2000r/min which is 

the same as what we set in simulation. Regarding the measurement of exhaust noise, a 

high-fidelity microphone was prepared with the conditions specified in the standard 

ISO 5128 [23], as shown in Fig. 3.Because the loudness is computed by the sound 

pressure level of exhaust noise, we directly compare the sound pressure levels of the 

experiment and simulation. In this experiment, the frequency spectrum of exhaust 

noise was measured and compared with that of simulation. Considering that the low 

frequency noise plays a dominate role in exhaust noise, the low frequency spectrum of 

simulation and experiment was primarily compared, as expressed in Fig. 4. From Fig. 

4 we can see that the result of simulation is in very good agreement with that of 

experiment. This has strongly validated the accuracy of the following analysis and 

proposed structure-loudness model which are very important to describe the 

relationship between the structure of exhaust system and loudness of noise. 

Table 4 

Structure parameters of exhaust system in experiment 

Structure 

parameters(mm) 
S1 S2 S3 S4 S5 S6 S7 S8 

Values 47 48 42.6 42.6 3.5 296.5 245.4 445.4 
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Fig. 3. The test table and microphone 

 

Fig. 4. Comparison result of simulation and experiment 
 

3. Analysis of impact of structure parameters on loudness 

3.1 Pareto analysis 

The Pareto analysis is able to analyze the contribution of selected parameter and 

identify the dominant factor to the response, which can be very useful to the design of 

exhaust system. The Pareto analysis refers to the “80/20 rule” based on the 

observation about a pattern of “predictable imbalance” [24]. It asserts that the 80 
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percent of resource is possessed by the 20 percent of the activity related to the 

resource, which means that the majority of the achievement is completed by the 

minority of the input. It was proved that the Pareto analysis, 80/20 principle, can be 

applied in different disciplines [25]. Unfortunately, the previous researchers pay little 

attention to the application of the Pareto analysis to clarify the influence of structure 

to the sound quality evaluation. In this work, the contributions of structure parameters 

were conducted by the Pareto analysis to effectively reflect the impact on the loudness. 

The result of Pareto analysis is illustrated in Fig. 5. It can be found clearly that three 

significant factors which make primary contributions to the loudness are as follows: 

the diameter of inlet pipe of front silencer (S1), the diameter of inlet pipe of rear 

silencer (S3) and the diameter of outlet pipe of rear silencer (S4). Among these three 

primary factors, the maximal contribution is made by the diameter of inlet pipe of rear 

silencer (S3). The contributions of the diameter of inlet pipe of front silencer (S1) and 

the diameter of outlet pipe of rear silencer (S4) are both close to the consequence of 

the diameter of inlet pipe of rear silencer (S3). Besides, the diameter of perforation of 

silencer baffles (S5) and the distance between second baffle and inlet of rear silencer 

(S8) also make significant contributions. 
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Fig. 5. Contributions of structure parameters on the loudness 

3.2 Main effects analysis 

The main effects analysis shows the variance of response when a factor or a 

group of factors changes among several levels, representing the sensitivities of factors 

to the response. For example, two factors, M and N, which have two levels 

respectively with their responses, R, are exhibited as Table 5. 
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each structure parameter on loudness, as illustrated in Fig. 6. The slope of each line 

reveals the main effect of corresponding structure parameter. From Fig. 6 we can see 

that the diameter of inlet pipe of front silencer (S1), the diameter of inlet pipe of rear 

silencer (S3), the diameter of outlet pipe of rear silencer (S4), the diameter of 

perforation of silencer baffles (S5), the distance between first baffle and inlet of rear 

silencer (S7) and the distance between second baffle and inlet of rear silencer (S8) 

show positive effects. But the diameter of outlet pipe of front silencer (S2) and the 

distance between baffle and outlet of front silencer (S6) show negative effects. The 

loudness increases when the structure parameters with positive effects increase while 

it decreases when the negative parameters increase. Among all of them, the diameter 

of outlet pipe of rear silencer (S4) has the biggest effect on the loudness, indicating 

that the loudness is the most sensitive to it. Besides, the sensitivity of the distance 

between first baffle and inlet of rear silencer (S7) is the same as that of the distance 

between second baffle and inlet of rear silencer (S8). 

 

Fig. 6. Main effects of structure parameters to loudness 
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4. Development of structure-loudness model 

4.1 Theory of RBF network 

Because of the nonlinear relation between the structure of exhaust system and the 

sound quality of noise, a nonlinear sound quality model need be developed for better 

perception of the sound. The RBF network is characterized by reasonably fast training 

and compact network. It does a good job to approximate the wide range of nonlinear 

space, very suitable for the development of this model. The RBF network is a type of 

neural network which contains an input layer, a hidden layer for radial units and an 

output layer [26].  

 

Fig. 7. Radial basis function network 

The construction of RBF network is shown in Fig. 7. The output of RBF network 

is equal to the sum of weighted radial functions as expressed in Eq. (5): 

   
1

p

i i i

i

w


 F X X X  (5) 

where F(X) is the output vector of RBF network; p is the number of samples; wi is the 
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weighted coefficient of the radial basis function of the ith sample; φi is the radial basis 

function of the ith sample; X is the n-dimensional input vector, shown as Eq. (6); Xi is 

the n-dimensional input vector of the ith sample; ||X-Xi|| is the Euclidean distance 

between X and Xi. 

 1 2 n, , ,x x xX  (6) 

where x1,x2,···, xn are the input factors shown in Fig. 7. 

 1 2 m, , ,y y yY  (7) 

where Y is the m-dimensional vector; y1,y2,···, ym are the output factors shown in Fig. 

7. 

The output factors of samples can be integrated as an m-dimensional vector as 

Eq. (7). In Eq. (5), the output vectors of RBF network should be equal to the 

counterparts of samples, as expressed in Eq. (8).  

  ,     1, 2, , pi i i F X Y  (8) 

where F(Xi) is the output vector of RBF network whose the input vector is Xi; Yi is 

the output vector of the ith sample. 

In this work, the Gaussian function, expressed in Eq. (9), was set as the radial 

basis function. 

 

2

22

r

c
i r e



  
(9) 

where r is the input of the Gaussian function; c is the constant value of this function 
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which is predefined. 

Eqs. (5) and (9) show the formulation of RBF network. Eq. (8) shows the 

constraints of RBF network. In this work, the RBF network was trained and 

implemented by the software of iSIGHT [27]. 

4.2 Development of structure-loudness model 

In this work, sample database was utilized to approximate the relationship 

between structure parameters and loudness by the RBF network to develop the 

structure-loudness model. The RBF network training procedure was performed in 

iSIGHT. After a great number of training tests, the constitution of the 

structure-loudness model was determined and shown in Figs. 8(a)-(d). This 

structure-loudness model can be directly used to predict the loudness of exhaust noise 

when the values of structure parameters are determinate and conduct an optimization.  

  

(a) Loudness vs. S1 and S2 (b) Loudness vs. S3 and S4 

  

(c) Loudness vs. S5 and S6 (d) Loudness vs. S7 and S8 
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Fig. 8. Constitution of structure-loudness model 

5. Uncertainty-based optimum design for loudness 

5.1 Stochastic model of structure parameters 

The stochastic model is an important method to deal with the uncertainty 

problem. The probability density function is used to reflect the output of stochastic 

model on the basis of enough samples. All samples are gathered as an aggregate, as 

shown in Eq (10). 

 1 2, , , uD D D D  (10) 

where D is the aggregate of samples; D1, D2,···, Du are the samples; u is the number 

of samples. 

Each sample containing several variables can be defined as the m-dimensional 

vector as Eq (11). 

 1 2, , , ,      1, 2, ,i i i ivd d d i u D  (11) 

where Di is the ith sample; di1, di2,···, div are the variables of the ith sample; v is the 

number of the variables of the ith sample. 

The probability density function is described by the mean value, standard 

deviation and coefficient of variation, as illustrated in Eqs. (12) - (14) respectively. 

1 ,      1, 2, ,

u

ij

i
j

d

j v
u

  


 
(12) 

where μj is the mean value of the jth variable; dij is the jth variable of the ith sample. 
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where σj is the standard deviation of the jth variable. 

j

j

j

CV



  (14) 

where CVj is the coefficient of variation of the jth variable. 

Considering that the error of structure happens normally in the manufacture, we 

assumed that the distribution of each structure parameter is the normal distribution 

and the probability density function of normal distribution is showed in Eq. (15).  
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      (15) 

Where )( jf d  is the probability density function of normal distribution; dj is the jth 

variable of the samples. 

In the robust optimum design, the stochastic models of structure parameters were 

used to represent the uncertainty of system. In the present work, both the optimum 

mean value and standard deviation should be paid attention. The mean values and 

standard deviations of different parameters were maintained within normal 

distribution, as shown in Table 6. In order to obtain the optimum represent and 

robustness of loudness, the minimums of mean value and standard deviation were set 

as the objectives of the optimization. With a view to the possibility that the optimal 

values of mean and standard deviation cannot be obtained at the same time, we give 
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different weighting coefficients for them. The optimization objective is expressed as: 

1 SQM 2 SQMmin    F       (16) 

Here, F is the optimal objective function; ω1 and ω2 are respectively the weighting 

coefficients of the mean value and standard deviation of the sound quality evaluation; 

μSQM is the mean value of the sound quality evaluation; σSQM is the standard deviation 

of the sound quality metric. 

Table 6 

Uncertainty distribution information 

Uncertainty 

distribution 

Structure parameters 

S1 S2 S3 S4 S5 S6 S7 S8 

Mean 47 48 42.6 42.6 3.5 266.85 269.94 445.4 

Standard 

deviation 
2.115 2.16 1.917 1.917 0.1575 11.86 12.27 20.043 

5.2 Review of robust optimum design method 

5.2.1 Six sigma design 

The consistent performance of product is always desired in industry. To ensure 

this consistency, the quality of product is measured and improved [28]. In the 

manufacture, the quality of production is affected by the uncertainty of structure. In 

the research of quality control engineering, the six sigma, proposed by Bill Smith in 

1986, is often used to control and improve the robustness. In the six sigma design, the 

standard deviation, σ, is used to perform the variability of factors with normal 

distribution and the performance variation is characterized as several standard 

deviations from the mean value, μ, as shown in Fig. 9. The area under the normal 

distribution is associated with the whole probability of performance. The lower and 
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upper limits define the desirable range of the whole probability in accordance with 

±6σ from the μ. The probabilities of each σ-level fell in particular range and are 

expressed as percent variation in Table 7. 

 

Fig. 9. Performance variation of six sigma design 

Table 7 

Percent variation of sigma level 

Sigma 

level 
±1σ ±2σ ±3σ ±4σ ±5σ ±6σ 

Percent 

variation 
68.26 95.46 99.73 99.9937 99.999943 99.999998 

In order to obtain products with high-quality, the six sigma design strives to maintain 

the percent variation of ±6σ level within the limitation can be accepted, i.e., the 

probability of performance remaining within the set limits should be essentially 

100%.  

In this work, the Six Sigma quality control mode was used to limit the deviation 

of the loudness for the best robustness, which was executed in iSIGHT. As an 

important part of Six Sigma control, the Monte Carlo sampling is a very efficient 

technique for reduction of variance. In this work, the Monte Carlo sampling was 

utilized to choose a set of sample points from the structure-loudness model and its 
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sampling technique was simple random sampling. Because the calculated workload 

would increase with the increasing of the amount of sample points, the number of 

sample points was limited and set as 25. 

5.2.2 Adaptive simulated annealing algorithm 

Regarding to the optimum design of exhaust system, the choice of appropriate 

algorithm is crucial for the successful optimization. The adaptive simulated annealing 

(ASA) algorithm has the advantage that it is well suitable for non-linear system 

solution with short running analysis codes which leads to a quick improvement for the 

design. In this study, the ASA algorithm was used to the robust optimization of 

exhaust system for improved loudness. The ASA algorithm is a stochastic search 

method that its iteration is similar to the annealing process from statistical mechanics 

and metallurgy. This algorithm follows a “cooling schedule” until steady state or the 

optimal solution is obtained. The structure of ASA algorithm is mainly comprised of 

three parts: the generation of probability density function, the acceptance of 

probability density function and annealing temperature schedule.  

ASA considers the optimal parameter αk with a constraint range at the 

annealing-time k as: 

 , , 1, 2,k A B k    (17) 

where A and B are the lower and upper bounds respectively. 

In each iteration, two main steps, generating a candidate solution and determining if 

the solution is accepted, are conducted. A candidate solution αk+1 is calculated from 

the old parameter αk with a random variable y, as shown in Eq. (18). 
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   1 , 1,1k k y B A y        (18) 

The new solution is generated within a distribution defined by the probability density 

function, as illustrated in Eq. (19). 

 
1

,
1

2( ) ln(1 )
k

k

k

g y T

y T
T



 
 

(19) 

where Tk is the temperature of kth iteration and the annealing temperature schedule 

specifies that it is related to the initial temperature T0 as Eq. (20). 

0 exp( )kT T ck   (20) 

where c is an exponent of annealing temperature schedule. 

The acceptance of new solution is determined by the cost function, the cost 

temperature and a uniform random generator. New solution is accepted for next 

iteration if 

1

cost

( ) ( )
exp[ ] , [0,1)k kC C

U U
T

  
    (21) 

where C(αk+1)-C(αk) is the cost function; Tcost is the cost temperature; U is the uniform 

random generator. 

5.3 Uncertainty-based optimization for loudness 

As inferred above, μ is the mean value of the objective and 6σ is the quality 

measurement of the uncertainty in six sigma quality design. In this work, μ and 6σ 

represent the magnitude and deviation of the obtained result of loudness respectively. 

For the purpose of lower loudness and higher accuracy of consequence, both the μ 

and 6σ should be decreased. Therefore, the ω1 and ω2 were set to 1 and 6 respectively 
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and the objective function of this optimization is described as: 

SQM SQMmin    6F     (22) 

Based on the optimization method above, the trace of best solution of objective 

minimization is obtained, as shown in Fig. 10. From this figure we can see that the 

iteration of optimal value exhibits fast convergence as a result of the usage of adaptive 

simulated annealing algorithm. The value of objective function changes rapidly in the 

first 20 iterations and is minimized in the 100
th

 iteration. The optimum results of the 

mean value and standard deviation of the loudness and the structure parameters 

corresponding to the optimum response are respectively illustrated in Table 8. As can 

be seen that after the optimization, the mean of loudness is 21.83 and the standard 

deviation is 1.06. These optimization results are so obvious that the robust optimum 

design method can be put into the practical use. 

Table 8 

Optimization result of loudness 

Inputs Outputs 

Structure parameter Loudness 

S1 S2 S3 S4 S5 S6 S7 S8 Mean 
Standard 

Deviation 

43.27 52.06 38.46 39.24 3.24 267.78 267.49 452.71 21.83 1.06 
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Fig. 10. Trace of objective minimization over iteration 

6. Conclusions 

In this paper, the influence of structure parameters of the exhaust system on the 

loudness of exhaust tail noise, and the relationship between the parameters and 

loudness were analyzed. Based on the structure-loudness model developed in this 

work, a robust optimum design of exhaust system was conducted. Then, a three-level 

orthogonal array for all parameters was designed and the orthogonal design method 

was used to formulate twenty-seven discrete sample data groups. The sound pressure 

level of exhaust tail noise of each group was simulated and the corresponding 

loudness was calculated. The verification experiment was conducted to demonstrate 

the feasibility of the simulation. Based on the sample data above, the contributions 

and the main effects of structure parameters on the loudness of noise were analyzed, 

indicating that the greatest contribution of loudness is made by the diameter of inlet 

pipe of rear silencer. Meanwhile, the main effects analysis has shown that the 

diameter of outlet pipe of rear silencer has a primary effect on the loudness. Moreover, 

0 20 40 60 80 100
28

30

32

34

36

38

40

42

Iteration

O
b

je
c
ti
v
e

 f
u

n
c
ti
u

o
n

 

 

Best value of objective function



26 
 

the RBF network was used to develop the structure-loudness model. For the 

application of this model, the robust optimization of the loudness with the 

consideration of uncertainty of structure was completed by the adaptive simulated 

annealing (ASA) algorithm. In view of the optimization results, both the mean value 

and the standard deviation of the loudness were optimized. Thus, the 

structure-loudness model is able to offer an efficient tool to optimize the loudness of 

the exhaust system. 
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