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ABSTRACT

ARTICLE HISTORY

The Binomial distribution is often used as a good approximation for
many phenomena in engineering, medical, financial, and other applications involving discrete randomness. In many situations, for the purposes of risk management it may be required to estimate and/or track
the probability of occurrence of a particular type of discrete event
from a data sample, and then use such an estimate to predict outcomes from a larger sample. In this article, very simple but very accurate formulae are derived to support such actions. Analytic formulae
are presented to tightly bound upper and lower estimates of a
Binomial proportion to given confidence levels, and to tightly bound
upper and lower estimates of a Binomial Quantile. Application to risk
management are shown through synthetic and real-world examples,
and accompanying analysis. It is argued that the formulae are simple
enough to be embedded directly in machine learning and related analytics applications, and can also be manipulated algebraically to help
analyze random behaviors in algorithms. The article concludes that the
presented expressions are also useful to support decisions in situations
in which specialist software may not be available.
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1. Introduction
The Binomial distribution is a good approximation for many random phenomena in
areas such as telecommunications and reliability engineering, as well as the biological,
medical, managerial, and actuarial sciences (Johnson, Kemp, and Kotz 2005; Alon and
Spencer 2000). Let X  Bin(n, p) be a Binomially distributed random variable with
parameters n 2 @þ and p 2 (0, 1), and let P{X  k} represent the CDF of X for integer
support k 2 {0, 1, … , n}:
k  
X
n i
PfX  kg ¼
p ð1  pÞðniÞ
(1)
i
i¼0
Also, let the Rth quantiles of X for R 2 (0, 1) be obtained from the function
(n, p, R):
Qðn, p, RÞ ¼ fmin k 2 N : PfX  kg  Rg
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In many situations, for the purposes of risk management it may be required to estimate
and/or track the probability of occurrence of a particular type of discrete event from a
data sample, and then use such an estimate to predict outcomes from a larger sample.
Exact methods to accurately evaluate the CDF and Quantile functions of Binomial distributions are now employed very effectively in modern commercial and research-based
statistical packages. However, in many situations which arise in information and communications theory, machine learning and risk management, one may prefer approaches
which rapidly bound these quantities using far simpler analytic expressions (Short 2013;
Janson 1994; Hagerup and Rub 1990; Hoeffding 1963). Such analytic or closed-form
expressions – which provide known error signs – allow flexibility in analysis and the
ability to algebraically manipulate expressions of interest. Clearly, the more accurate the
expression the higher the value to the application. Methods to obtain provable bounds
with known error signs principally include Bernstein/Chernoff/Hoeffding-type exponential probability inequalities and their close variants (Short 2013; Janson 1994; Hagerup
and Rub 1990; Hoeffding 1963). Although effective, one has to accept the unavoidable
loss of accuracy with these bounds. More recent works, however, has sought to tighten
these inequalities through the relationship between the Standard Normal and Binomial
distribution functions (Short 2013; Zubkov and Serov 2012). The goal has been to preserve error signs, whilst still making them asymptotically near-exact in the input parameters. This, in turn, has allowed improved algorithms to be designed, for example, for
detecting Structural Variants in DNA sequences for biomedical applications and for
analysis of big data (Li, Hanning, and Jones 2021; Aaron et al. 2017). In addition, they
are also simple enough to allow analysis and implementation in real-time (or near realtime) applications such as resource allocation in mobile communication networks
(Ghiamatyoun and Olfat 2019) and fault monitoring and prognosis in industrial sensorbased discrete event systems (Ammour et al. 2017). More recently, the techniques have
been employed to derive statistical tests on the worst-case medical resources which may
be needed in order for “lockdown” conditions to be lifted during the COVID-19 worldwide pandemic (Shalev-Shwartz and Shashua 2020).
Motivated by these varied application areas, in this article some further extensions to
follow the work of Zubkov and Serov (2012) and Short (2013) are provided, as follows.
First, a full proof of an expressive analytical inequality on the upper tail quantile of a
binomially distributed random variable is presented. This was sketched in (Short 2013)
but the full proof was omitted. This inequality is then simplified to produce a new, simpler bound which features very little loss of accuracy. From this, a new analytical
inequality for the lower tail quantile counterpart is derived. These upper and lower
bounds are then employed to produce new analytical expressions for upper and lower
confidence intervals for estimation of the Binomial proportion. These bounds are accurate and simple to implement, and do not require any search, for example, root-finding
over the Binomial distribution function. The proportion and quantile bounds developed
in this article can be used implement the required statistical tests outlined in ShalevShwartz and Shashua (2020). In addition, they may be used in other related areas of
pandemic risk management, for example, for tracking estimates of infection outcomes
from test data (Ferguson 2020). The remainder of this article is structured as follows.
Section 2 presents the derivation of the new bounds. Section 3 presents illustrative
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examples, including application to measurement tracking and medical predictive analytics using COVID-19 data from the UK. Section 4 concludes the article.

2. Derivation of inequalities
The main contributions in this Section follow from Expression (22) from Short (2013),
which stated the following inequality on the upper tail quantile QU (for R  0.5) of a
Binomial variable:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
&
’
2
ð1

2pÞ
ð1

2pÞ
QU ðn, p, RÞ  np þ U1 ðRÞ npð1  pÞ þ
U1 ðRÞ2 þ
U1 ðRÞ2
(3)
6
62
This bound was presented without full details of a proof. This proof will now be provided in order to allow progress.
Proof of expression (3): Consider the lower inequality in the relationships connecting the
Binomial and standard Normal distributions, as proved by Zubkov and Serov (2012):

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(4)
U signðk  npÞ  2nDðp, k=nÞ  PfX  kg
Where the function:



 
c
1c
Dðp, cÞ ¼ c ln
þ ð1  cÞ ln
p
1p

(5)

Represents the directed Kullback–Leibler (KL) divergence between two Bernoulli variables with respective probabilities of success p and c, and U(x) represents the Standard
Normal distribution function with argument x. Suppose that for a given k > np the
left-hand side of (4) evaluates to R; this clearly implies R  P{X  k}. Since R > 0.5, we
are working in the upper tail and hence sign(knp) ¼ 1; thus, we seek the smallest integer k such that the following holds true:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Uð 2nDðp, k=nÞ  R
(6)
Applying the Probit function (inverse of U(x)) and squaring both sides:
2nDðp, k=nÞ  U1 ðRÞ2

(7)

At this point, let us employ the analytic relaxation on the KL-Divergence from Short
(2013) and Janson (1994):
ðc  pÞ2

Dðp, cÞ  
2 pð1  pÞ þ ð1  2pÞ  ðc  pÞ=3

(8)

Employing this expression to relax the left hand side of the expression, and seek the
smallest integer k which satisfies the expression:

2
2n k=n  p


   U1 ðRÞ2
(9)
2 pð1  pÞ þ ð1  2pÞ  k=n  p =3
As (8) guarantees that such a k will also satisfy (6). Defining the relationships t ¼ (k/
np), V ¼ p(1p), M ¼ (1  2p)/3 and C ¼ U1(R)2, the above can be written in a
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more convenient form for further manipulation:
nt 2
C
V þ Mt

(10)

Rewriting as a quadratic inequality in t, solving for the principle root to ensure positive
t to maintain the inequality gives:
nt 2  CMt  Cv  0 !
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðCM 2 þ 4nVÞ CM
CM
C  4nV þ CM 2 CM
C2 M 2 þ 4nCV
þ
¼
¼
þ
þ
t
2n
2n
2n
2n
2n
2n
(11)
Recovering back the definitions of t, V, M, and C and simplifying gives the required
expression:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
4npð1  pÞ þ ð12pÞ
U1 ðRÞ2 ð12pÞ
U1 ðRÞ2
k
32
1
(12)
þ 3
 p  U ðRÞ 
2n
n
2n
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1  2pÞ2 1 2 ð1  2pÞ 1 2
k  np þ U1 ðRÞ  npð1  pÞ þ
U ðRÞ
U ðRÞ þ
6
62

(13)

From which the stated inequality is recovered by employing the ceiling function to
w
ensure an integer is recovered.
2.1. Binomial quantile upper inequality
Expression (14) will now be simplified to present the first new quantile inequality.
Corollary 1.
QU ðn, p, RÞ  np þ C

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ C2
npð1  pÞ þ
3

(14)

where:
C ¼ U1 ðRÞ
Proof. Noting that for p2(0, 1) we have that both (1  2p) < 1 and (1  2p)2 < 1, and
since their contribution is only significant for small np expression (3) simplifies to:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
2
2
1
1
U
ðRÞ
U
ðRÞ
1
7
QU ðn, p, RÞ  6
(15)
6np þ U ðRÞ npð1  pÞ þ 36 þ
6 7
6
7
And since

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ pﬃﬃﬃ
aþb aþ b:
2

3
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
1
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
U
ðRÞ
U
ðRÞ
1
1
7
þ
QU ðn, p, RÞ  6
6np þ U ðRÞ npð1  pÞ þ U ðRÞ
36
6 7
6
7

(16)
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ U1 ðRÞ2
¼ np þ U1 ðRÞ npð1  pÞ þ
3

5

’

which is as stated in expression (14).

w

Expression (14) is very similar in form to the counterpart for the Poisson distribution
presented in Short (2013). For any fixed values of R, the coefficient C may be easily precomputed and stored, to be used only as required.
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Example 1: for R ¼ 0.95 (95% confidence): QU ðn, p, 0:95Þ  dnp þ 1:645 npð1  pÞþ
0:902e
For a sample of n ¼ 5000 trials with probability 0.05: QU ð5000, 0:05, 0:95Þ  277
We have that B(5000, 0.05, 277) ¼ 0.961 > 0.95. The actual Quantile is 276.
2.2. Binomial quantile lower inequality
Through the change of variables p’ ¼ (1p) and k’ ¼ (nk  1), the role of success and
failure in each trial can be interchanged, thus leading to a simple lower bound on the
lower tail quantile (QL).
Corollary 2.
QL ðn, p, ð1  RÞÞ  bnp  C

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ C2
npð1  pÞ   1c
3

(17)

where C is as defined previously.
Proof. This time, for (1R) < 0.5, we are working in the lower tail of the distribution
function and we seek the largest integer k such that the following holds true:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Uð 2nDðp0 , k0 =nÞ  ð1  RÞ
(18)
Substituting in to expression (14) and manipulating to find the bound on k:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ U1 ðRÞ2
n  k  1  nð1  pÞ þ U1 ðRÞ nð1  pÞð1  ð1  pÞÞ þ
3

(19)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ U1 ðRÞ2
¼ n  np þ U1 ðRÞ npð1  pÞ þ
3
2
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
U ðRÞ
k  np  U1 ðRÞ npð1  pÞ 
1
3

(20)

Lower bounding and employing the floor function to ensure an integer is recovered
produces (17).
w
For any fixed R, the coefficient C may again be precomputed and stored, to be used
only as required.
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Example 2: for R ¼ 0.95 (95% confidence): QL ðn, p, 0:05Þ  bnp  1:645 npð1  pÞ1:902c
For a sample of n ¼ 5000 trials with probability 0.05: QU ð5000, 0:05, 0:05Þ  222
We have that B(5000, 0.05, 222) ¼ 0.035 < 0.05. The actual Quantile is 224.
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2.3. Binomial proportion upper inequality
The lower quantile inequality developed in the above derivation may be used to obtain
an upper bound on an estimate of the underlying Binomial proportion^p given k successes from a sample of n trials, when the true p is unknown.
Corollary 3.
k þ C1 pﬃﬃﬃﬃﬃ
^p U ðn, k, RÞ 
þ C5
n þ C5

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nk  k2 þ C2 n  C3 k  C4
nðn þ C5 Þ2

(21)

where:
5
C1 ¼ U1 ðRÞ2 þ 1
6

7 1 2
U ðRÞ þ 1
C2 ¼
12


2 1 2
C3 ¼
U ðRÞ  2
3


U1 ðRÞ4 2 1 2
C4 ¼
þ U ðRÞ þ 1
3
9
2
1
C5 ¼ U ðRÞ
Proof. Assume that the mean estimate k/n is an underestimate, and given a confidence
limit R > 0.5, it is sought to find corresponding ^p which satisfies the expression:
QL ðn, ^p , ð1  RÞÞ  k

(22)

Using expression (17) on (22) and relaxing the floor function:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U1 ðRÞ2
1
k  n^p  U1 ðRÞ n^p ð1  ^p Þ 
3
Re-arranging and eliminating the square root:


2 2
1
k  n^p þ 1  U 3ðRÞ
U1 ðRÞ2

 n^p ð1  ^p Þ

(23)

(24)

Setting M ¼ (k þ 1  U1(R)2/3) and C ¼ U1(R)2 allows to write as a quadratic
inequality in ^p :

2
M  n^p
 n^p ð1  ^p Þ
(25)
C
M 2  2Mn^p þ n2 ^p  Cn^p  Cn^p
2

2

(26)

n2 ^p þ Cn^p þ Cn^p  2Mn^p þ M 2  0

(27)

^p 2 ðn2 þ CnÞ þ ^p ðCn  2MnÞ þ M 2  0

(28)

2

2
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Taking the positive root to maintain the inequality:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðCn  2MnÞ2  4ðn2 þ CnÞM 2
ðCn  2MnÞ
^p  
þ
2ðn2 þ CnÞ
2ðn2 þ CnÞ

7

(29)

Recovering back the definitions of M and C and simplifying:
^p 

k þ 56 U1 ðRÞ2 þ 1
n þ U1 ðRÞ2
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

u 
4
1
un k þ 1 þ 7 U1 ðRÞ2  2 ðk þ 1ÞU1 ðRÞ2  U ðRÞ  k2 þ 2k  1
t
12
3
9
(30)
þ U1 ðRÞ
nðn þ U1 ðRÞ2 Þ2

Simplifying further yields expression (21).

w

In particular, when R ¼ 0.5, this expression reduces to (k þ 1)/n. For any fixed R, the
coefficients C1 – C5 may be precomputed and stored and used only as required.
Example 3: for R ¼ 0.95 (95% confidence):
k þ 3:255
^p U ðn, k, 0:95Þ 
þ 1:645
n þ 2:706

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nk  k2 þ 2:578n þ 0:196k  3:617
nðn þ 2:706Þ2

For k ¼ 350 out of a sample of n ¼ 5000 trials: ^p U ðn, k, 0:95Þ  0:0766
We have that k/n ¼ 0.07 and 1B(5000, 0.07, 350) ¼ 0.486, but we have: 1B(5000,
0.0766, 350) ¼ 0.9586 > 0.95.
2.4. Binomial proportion lower inequality
Again, through the change of variables p’ ¼ (1p) and k’ ¼ (nk  1), the role of success and failure in each trial can again be interchanged, leading to the following lower
bound on the Binomial proportion.
Corollary 4.

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k þ C1 pﬃﬃﬃﬃﬃ nk  k2  C2 n þ C3 k  C4
^p L ðn, k, ð1  RÞÞ 
 C5
n þ C5
nðn þ C5 Þ2

where:
1
C1 ¼ U1 ðRÞ2
6

1 1 2
U ðRÞ  4
C2 ¼
12


2 1 2
C3 ¼
U ðRÞ  4
3


U1 ðRÞ4
C4 ¼
þ2
9
C5 ¼ U1 ðRÞ2

(31)
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Proof. Proof. Assuming the mean estimate k/n is now an overestimate, and given a confidence limit (1R) < 0.5, apply the interchange to (21), manipulate to find the bound
on p and simplify:
1  ^p 

^p  1 

n  k þ 56 U1 ðRÞ2
n þ U1 ðRÞ2
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ






u
2
4
u nk  k2 þ 4  U1 ðRÞ n þ 2 U1 ðRÞ2  4 k  U1 ðRÞ þ 2
t
3
12
9
þ U1 ðRÞ
2 2
1
nðn þ U ðRÞ Þ
(32)
n  k þ 56 U1 ðRÞ2

n þ U1 ðRÞ2
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ






u
2
4
u nk  k2  U1 ðRÞ  4 n þ 2 U1 ðRÞ2  4 k  U1 ðRÞ þ 2
t
12
9
3
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(33)
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Simplifying further yields expression (31).

w

In particular, when R ¼ 0.5, this expression reduces to k/n. For any fixed R, the coefficients C1 – C5 may be precomputed and stored and used only as required.
Example 4: for R ¼ 0.05 (95% confidence):

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k þ 0:451
nk  k2 þ 3:775n  2:196k  2:813
^p L ðn, k, ð1  RÞÞ 
 1:645
n þ 2:706
nðn þ 2:706Þ2

For k ¼ 350 out of a sample of n ¼ 5000 trials: ^p L ðn, k, 0:05Þ  0:0641
We have that k/n ¼ 0.07 and 1B(5000, 0.07, 350) ¼ 0.486, but we have: 1B(5000,
0.0641, 350) ¼ 0.0427 < 0.05.

3. Applications and analysis
3.1. Proportion tracking
By way of illustrating example, first consider a situation in which a series of tests are
revealed, each of which has a success/fail outcome with an unknown probability of
occurrence. Estimates of this probability are required to be tracked. Such a situation
may arise in outcome tracking in pandemic management, in which outcomes are
tracked for symptomatic patients to determine the probability that a hospitalized patient
will require hospitalization, critical care in an Intensive Care Unit (ICU) and Infection
Fatality Ratio (IFR) (Shalev-Shwartz and Shashua 2020; Ferguson 2020). For example, in
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Figure 1. Running success count data (black trace) versus number of trials.

Figure 2. Evolution of lower bound (green trace), mean (black trace) and upper bound (red trace) on
the two-sided 95% confidence interval versus number of trials.

the UK it is thought that for COVID-19 patients requiring hospital treatment, roughly
30% of hospitalized patients will require critical care, half of whom will not recover (p
ﬃ 0.15); estimates of this IFR are required to be tracked as more data is accrued
(Ferguson 2020). Other application areas include mobile communications, where two
mobile stations “A” and “B” dynamically setup a communication link in a potentially
noisy environment. As they start to transmit packets of information, it is wished to use
acknowledgements to track the Packet Error Rate (PER) of the link, tracking the effective PER as more data is accrued, for example, Ghiamatyoun and Olfat (2019).
To illustrate how the methods developed in this article may be used to implement
such IFR or PER tracking, a series of 5000 trials from a Binomial process with proportion 0.15 was simulated. Lower and upper bounds for a two-sided 95% confidence interval were computed at each step using the closed formula as detailed in the previous
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Figure 3. Estimation of lower bound (green trace), mean (black track) and upper bound (red trace)
on the predicted number of successes for a two-sided 90% confidence interval for increasing sample
size N.

Section. Figure 1 shows the evolution of the success count at each step. Figure 2 shows
the evolution of the calculated lower and upper bounds on the (unknown) Binomial
proportion, along with the raw estimation of the mean.
As can be seen from Figure 2, as the number of trials increases and more random
count data is obtained, the bounds and the mean quickly converge around the unknown
proportion of 0.15. After 5000 trials 743 successes have been counted, giving a raw estimate of the mean from 743/5000 ¼ 0.1486. The lower bound on the confidence interval
has value 0.1387, whilst the upper bound on the confidence interval has value 0.1592.
To illustrate the accuracy of the bounds, note that the true upper and lower confidence
intervals obtained through root finding on the Binomial distribution function have values 0.1390 and 0.1588, respectively. This is an accuracy of ﬃ 104, which is very useful
to achieve for such simple expressions. Accuracy of the bounds further increases as the
number of samples increases, as does the width of the true confidence interval itself.
3.2. Resource allocation
By way of further illustrating example, next consider a situation in which an estimate of
an unknown probability has been obtained from a sequence of observed success/fail
outcomes, as detailed in the previous Section. It is now wished to employ estimates of
this probability to determine the risks of making particular decisions which may affect a
larger population in which the estimate is applied to. Such a situation faces policymakers during a pandemic, who may be concerned with assessing the expected impacts
of key decisions designed to mitigate the impact of a pandemic. For example, epidemiological modeling may be used to assess the potential role of a number of public health
measures – so-called Non-Pharmaceutical Interventions (NPIs) such as social distancing
– on outcomes such as fatalities and compatibility with available resources such as ICU
beds (Shalev-Shwartz and Shashua 2020; Ferguson 2020). Specifically, it may be of concern to determine risk-based answers to questions such as: if the IFR of hospitalized
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patients is currently estimated to lie within a specific confidence interval with estimated
mean p, what is the worst-case expected number of fatalities for a given confidence as
the number of hospitalized patients changes as a function of NPI?
Other application areas include mobile communications, where two mobile stations
“A” and “B” have dynamically setup a communication link. In order to determine allocation of resources and to assist with routing (e.g. in mesh networks), if the PER of the
link is currently estimated to lie within a specific confidence interval with estimated
mean p, knowledge of worst-case expected loss of packets for a given confidence as the
number of transmitted packets increases allows for efficient packet routing and allocation of resources such as bandwidth (Ghiamatyoun and Olfat 2019).
To illustrate how the methods developed in this article may be used to assist such
decision making, consider that following a sample of a subset of 5,000 trials from a
larger population, it has been determined that the proportion lies in the range 0.1387,
and 0.1592 as detailed in the previous Section. Consider that the upper bound ensures
that the parameter p is  0.1592 with probability  0.975. The methods for Quantile
bounding developed in Section 2 may be applied to determine safe estimates for the
upper-tail Quantile of a larger sample from the population; through choice of confidence R ¼ 0.975, we may determine the worst case expected number of successes in this
sample with one-sided confidence probability 0.9752 ¼ 0.9506 > 95%. Similar arguments
may be used to bound the best-case number of successes, with a similar one-sided confidence level (the two-sided confidence interval is 90%). The Quantile upper and lower
bounds were quickly evaluated using the closed formula for this confidence level for a
range of sample sizes N up to 150,000. Figure 3 shows the lower, mean, and upper
bounds on the number of successes.
Figure 3 allows the expected variation in outcomes (or similarly, required resources)
to be visualized and evaluated quickly as the considered population size increases. For
population size 150,000 the mean number of successes has value 22,290. The lower tail
Quantile bound has value 20,544, whilst the upper tail Quantile bound has value 24,155.
To illustrate the accuracy of the bounds, note that the true lower and upper Quantiles
obtained through root finding on the Binomial distribution function have values 20,544
and 25,154, respectively. This is very small gap and very accurate to achieve for such
simple expressions.
3.3. Example: COVID-19 pandemic in the UK
To illustrate how the methods developed in this article may be applied in a real-world
situation, a data sample was obtained from a public website1 regarding officially
reported figures for cumulative positive tests for COVID-19 infections and cumulative
confirmed COVID-19 fatalities in the UK from the recognized start of the pandemic
(30th January 2020) to the end of the “first wave” in June 2020. Applying the methods
described in this article for Binomial proportion tracking on this data, lower and upper
bounds on the IFR for a two-sided 97.5% confidence interval were calculated, along
with the mean IFR. A data-driven regression approach to fit a discrete-time logistic
1

https://ourworldindata.org/coronavirus

12

M. SHORT

Figure 4. Official count of number of UK infections (red trace) and estimated model (black trace) during first wave.

Figure 5. Estimation of lower bound (green trace), mean (black track) and upper bound (red trace)
on the UK IFR for two-sided 97.5% confidence interval.

model to the evolution of daily infections (see Villela 2020) was then applied to the
published infection data, and employed with the IFR estimates to predict the cumulative
fatality rate. The fitted model of the total number of infections I(k) at day k into the
first-wave of the pandemic was as follows:
IðkÞ ¼

1þ

9:319E5

320324
exp ð4:577E2  ðk  81ÞÞ10730:45

(35)

The model output of infection count I(k) was then combined with the mean, lower, and
upper bounds on IFR and the Quantile bounds developed in this article to predict the
mean number of fatalities, along with lower and upper bounds on the two-sided 95%
confidence interval. The obtained results are as shown in Figure 4–6.
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Figure 6. Estimation and prediction of the lower bound (green trace), reported/mean (black trace)
and upper bound (red trace) of the cumulative number of UK fatalities for two-sided 95% confidence interval.

Figure 4 shows the accuracy of the fitted infection model to the available data
(although this presented for illustrative purposes only). Now, considering the IFR as displayed on the upper section of Figure 5, it can be seen that there is large variability during the initial stages of the pandemic, partially due to the implementation of stricter
NPI measures on 20th March 2020, changes to the way test results were reported in
both April and May 2020, and also changes in the way in which fatalities were reported
in May 2020. By early April 2020 the IFR estimate had started to stabilize and the confidence bounds close accordingly. The IFR estimate converges on a value around 0.140
by the end of the first-wave, with lower and upper confidence bounds of 0.1386 and
0.1414, respectively. This is below the estimate of 0.15 provided by Ferguson et al. in
March 2020 (Ferguson 2020), although it can be seen that this was in fact an accurate
estimate from the available data during the early part of May.
Considering now the cumulative fatalities as displayed on Figure 6, the official
recorded data which is displayed lies within the upper and lower bounds obtained from
the combined estimates of the IFR and cumulative infection data at each time step,
obtained using the methods employed in this article. This gives confidence that the
methods proposed in this article can be applied in practical situations, for both (i) estimates within an uncertainty range for estimation of a Binomial proportion parameter
(the IFR), and also (ii) the estimates using the combined uncertainty range of a proportion estimate and uncertainty range in the Binomial Quantile estimation (fatalities).
It should be stressed that although this example employs actual reported data, in this
context it has been used for illustrative purposes only. Nevertheless, when combined the
quality of fit in the infection model and its potential to predict the future evolution of
infections, it gives an indication as to how the simple expressions derived in this article
can be used for a number of useful application, for example,: real-time tracking and to
give useful information regarding measurement and uncertainty for an IFR, for helping
visualizing the impact of NPIs, to perform sanity-checks of infection model predictions
and for combining uncertainty in an IFR and infection model output to make bounded
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Table 1. Fixed constant errors for increasing R.
R
Limit error

0.500000
0.000000

0.900000
0.547458

0.990000
1.803965

0.999000
3.183179

0.999900
4.610361

0.999990
6.063098

0.999999
7.531681

Figure 7. Upper 95% and lower 5% Quantiles (black traces), bounds (red traces) and mean (green
trace) for p ¼ 0.05.

predictions on the future trajectory and patient outcomes during a pandemic. When
combined with the use of data-driven model fitting and dash boarding, the techniques
may allow the creating of simple tools to assist policy-makers and healthcare officials
visualize key parameters derived from measured patient data (and their uncertainty)
and to forecast the impact of various NPIs – and their risks of implementation - in
order to support critical decision making in a pandemic situation.
3.4. Asymptotic behavior
The normal approximation to the Binomial distribution (see, e.g. Johnson, Kemp, and
Kotz 2005) becomes valid in the asymptotic limit as N ! 1, and gives a simple limit
Quantile function as follows:
!
k  np
PfX  kg  U pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(36)
npð1  pÞ
From this is it easy to see that the inequalities presented in this article in Equations
(14) and (17) are no more than a small fixed constant away in the asymptotic limits.
Table 1 plots the limit constants as a function of increasing R for the upper Quantile
bound. This gives an insight into accuracy of the proposed expressions, even deep into
the tail (R ¼ 0.999999), the asymptotic error is not greater than 7.54 (in many cases it is
lower, depending upon p); however, the inequalities are valid over all ranges of N,
whereas the normal approximation provides no guarantees of error sign. Lower bounds
have similar accuracy (save for a unit increase in value for corresponding (1R) value)
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Figure 8. Upper 95% and lower 5% Quantiles (black traces), bounds (red traces) and mean (green
trace) for p ¼ 0.1.

Figure 9. Upper 95% and lower 5% Quantiles (black traces), bounds (red traces) and mean (green
trace) for p ¼ 0.5.

and are not shown. Since the formulae for proportion bounds given by expressions (21)
and (31) are derived directly from expressions (14) and (17), it follows that the accuracy
of these bounds is also kept to a fixed constant limit in estimated proportion in
the limit.
To further illustrate the behavior of the bounds for increasing N, Figures 7–9 show
upper (95%) and lower (5%) Quantiles and their bounds for p ¼ 0.05, p ¼ 0.1, and
p ¼ 0.5 for increasing N. In each case it is very difficult to visually inspect the gaps,
indicating their accuracy, even for small values of N. It must be remembered that in
plotting the Quantile bounds, no search is needed, unlike in the exact case. Search is
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also needed to obtain a Quantile by inverting the expression of Zubkov and Serov in
Expression (4), leading to the introduction of relaxation (9). Although application of
such a procedure would lead to a closing of the gap between the bounds presented in
this work and the true Quantiles, a gap would still remain, and only a small improvement at the expense of complexity and introduction of search. Finally, note although
the proportion expressions given by (21) and (31) have not been explicitly examined in
this asymptotic analysis, it can be argued that similar behavior in terms of tightness and
convergence in the limit to a very small gap (in Binomial proportion) can be shown
though (36), as these bounds are obtained directly from Expressions (14) and (17).

4. Conclusion
This article has been concerned with the development of new, accurate analytic inequalities for the lower and upper Quantile function and for the lower and upper proportion
measure of a Binomially distributed random variable. Direct applications to risk management in communication and information engineering applications and also pandemic management have been described. Asymptotic behavior has been investigated
through examples. It is concluded that the bounds give results which are practical and
accurate enough to be used in real-world applications, whilst being simple to implement
and not requiring any search. For given confidence intervals, the required coefficients
for the expressions may be precomputed, stored and used only as required. They can be
implemented trivially in spreadsheets, as a part of decision-support software-based analytics tools or directly embedded in machine learning algorithms and/or mobile communication platforms.
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